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LARGE GRAPHS IN ADVANCED
APPLICATIONS

Doctoral Dissertation

VELIKI GRAFI V NAPREDNIH
APLIKACIJAH

Doktorska disertacija

Supervisor: Assist. Prof. Dr. Jurij Šilc

Co-supervisor: Assoc. Prof. Dr. Riste Škrekovski

Ljubljana, Slovenia, April 2013





Contents

Abstract vii

Povzetek ix

Abbreviations xii

1 Introduction 1

2 Aims and hypothesis 5

3 Preliminaries 7
3.1 Graph and network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
3.2 Some graph families . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
3.3 Operations on graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
3.4 Hamiltonicity and matchings . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

4 Graph indices 11
4.1 Indices in chemical graph theory . . . . . . . . . . . . . . . . . . . . . . . . . 11
4.2 Wiener index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
4.3 Wiener Index of graphs and their line graphs . . . . . . . . . . . . . . . . . . . 13

4.3.1 Graphs with minimum degree at least two . . . . . . . . . . . . . . . . 14
4.3.2 Graphs whose Wiener index equals to the Wiener index of their line

graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
4.4 Centrality measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
4.5 Two new weighted measures of betweenness centrality . . . . . . . . . . . . . 24

4.5.1 Extremal values of C̃ and C∗ . . . . . . . . . . . . . . . . . . . . . . . 25
4.5.2 Statistical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

5 Social network models 37
5.1 The inspiration behind the model . . . . . . . . . . . . . . . . . . . . . . . . . 37
5.2 Social network properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
5.3 Sociological principles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
5.4 Interaction-based model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
5.5 The model evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43



6 Hypercube network 53
6.1 Hypercube properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
6.2 On the queue-number of the hypercube . . . . . . . . . . . . . . . . . . . . . . 54
6.3 Faulty hypercubes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

6.3.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
6.3.2 Independent Hamiltonian paths in hypercubes . . . . . . . . . . . . . . 61
6.3.3 Independent Hamiltonian cycles in faulty hypercubes . . . . . . . . . . 65

7 Conclusions and scientific contributions 75

8 Acknowledgements 77

List of Figures 87

List of Tables 91

List of Algorithms 93

Appendix: Bibliography 97

Appendix: Biography 99



vii

Abstract

This thesis addresses large graphs in advanced applications. We study three aspects
of graphs: graph indices, graph models, and graph robustness.

Measures and indices are used to represent structural properties of networks and
graphs. In chemical graph theory, graph indices, called chemical descriptors help
us to predict the properties or activities of chemical compounds. This method re-
duces the expenses involved in finding appropriate medicine or chemical compound
with the desired properties. In this context the thesis focuses on the Wiener index,
and the problem of specifying a graph family for which the Wiener index equals
the Wiener index of its line graph. We further study centrality indices that are used
to determine the relative importance of a given vertex or an edge in the complex
graph. In this respect, we introduce two new centrality indices: degree-scaled be-
tweenness centrality and degree-weighted betweenness centrality. We prove the
extremal values of these indices and determine the graph structures in which the
extremal values are attained.

In the study of real-world complex networks, graphs as network models help us to
understand interactions within networks. In the thesis we introduce a new social
network model, called the interaction-based model, which is based on well-known
sociological principles. In particular, this model is based on balance theory in com-
bination with pheromone deposition and evaporation found in the social behavior of
ants. The interactions between individuals are modeled by pheromone, which ap-
pear according to the balance theory and change the connection strength between
individuals. Therefore, the human social systems are living structures where many
simultaneous interactions occur between individuals and each present interaction
influences future interactions. In the interaction-based model, each interaction be-
tween two individuals influences future interactions similarly to how pheromone
trails influence the ant’s future decision of its path. We calculate and analyze char-
acteristics of different network models and real-world network to evaluate and val-
idate the model.

The last aspect concerns the resilience of the network to the removal of edges or
the robustness of network. In this context the thesis focuses on the hypercubes as
one of the widely studied graph architectures due to its elegant properties. These
hypercubes have also been used to design real parallel networks. More specifically,
we study the maximal number of mutually-independent Hamiltonian paths with
prescribed end-vertices. The obtained result is used to prove the upper bound of the
number of mutually-independent s-starting Hamiltonian cycles in the hypercube
with faulty edges.
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Povzetek

Disertacija obravnava velike grafe v naprednih aplikacijah. Osredotočili smo se na
tri vidike grafov: indekse grafov, modele grafov in robustnost grafov.

Prvi vidik predstavljajo mere in indeksi, ki se uporabljajo za predstavitev struk-
turnih lastnosti omrežij in grafov. V kemijski teoriji grafov se ti indeksi imenu-
jejo kemijski deskriptorji in nam pomagajo napovedati lastnosti oziroma dejavnosti
kemičnih spojin. S tem lahko zmanjšamo stroške pri iskanju ustreznega zdrav-
ila ali kemične spojine z ustreznimi lastnostmi. V disertaciji se osredotočimo na
preučevanje Wienerjevega indeksa in iskanje družine grafov, ki imajo Wienerjev
indeks grafa enak Wienerjevemu indeksu njegovega grafa povezav. Prav tako nas
zanimajo mere središčnosti, ki se uporabljajo pri določanju relativne pomembnosti
vozlišča ali povezave v kompleksnem omrežju. V disertaciji vpeljemo dve novi
meri središčnosti, dokažemo ekstremne vrednosti novih mer in določimo strukture
grafov, kjer so dosežene ekstremne vrednosti.

Drugi vidik se nanaša na študij realnih kompleksnih omrežij kjer nam mrežni mo-
deli pomagajo razumeti interakcije, ki se dogajajo znotraj omrežij. V disertaciji
predstavimo nov model socialnega omrežja, ki upošteva znana sociološka načela.
Model je zasnovan na osnovi interakcij in temelji na teoriji uravnoteženosti ter
izkorišča mehanizem posredne komunikacije – odlaganje in izhlapevanje feromona
– značilen za socialno vedenje mravelj. Interakcije med posamezniki modeliramo
s feromonom, ki se na povezavah pojavlja v skladu s teorijo uravnoteženosti in
spreminja njihovo moč. Človeški socialni sistemi so žive strukture znotraj katerih
se med posamezniki sočasno dogajajo interakcije in te vplivajo v prihodnosti na
nadaljnje interakcije. Interakcije med posamezniki imajo podoben vpliv na inter-
akcije v prihodnosti kot jih imajo poti obogatene s feromonom na izbiro nadalje-
vanja poti pri mravlji. Za evalvacijo in validacijo modela smo izračunali in anali-
zirali različne značilnosti mrežnih modelov in realnega omrežja.

Zadnji vidik, ki ga v disertaciji obravnavamo je robustnost omrežja, ki meri
odpornost omrežja na odstranitev povezave ali vozlišča. V disertaciji je posebna po-
zornost namenjena hiperkocki, ki jo zaradi svojih elegantnih lastnosti matematiki že
dolgo preučujejo, hkrati pa je bila uporabljena tudi za oblikovanje resničnih vzpo-
rednih omrežij. V disertaciji preučujemo največje število med seboj neodvisnih
hamiltonskih poti s predpisanima končnima vozliščema. Dobljeni rezultat upora-
bimo pri dokazovanju zgornje meje števila medsebojno neodvisnih hamiltonskih
ciklov z istim začetnim vozliščem v hiperkocki s prepovedanimi povezavami.
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Abbreviations

BA = Barabási-Albert
ER = Erdös-Rényi
IB = interaction-based
QSAR = quantitative structure-activity relationships
QSPR = quantitative structure-property relationships
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1 Introduction

Graphs are essential in many disciplines, including computer science, physics, chemistry, bi-
ology, and sociology. The earliest known work is the famous “Seven bridges of Königsberg”
done by Euler in 1736. The problem entailed finding a walk that would cross each of the seven
bridges once and only once, with the additional requirement that the walk ends in the same
place it began. In graph theory, a graph refers to a set of vertices and a set of edges that connect
pairs of vertices. In the “Seven bridges of Königsberg” problem different riversides and isolated
island are represented by vertices and bridges by edges. For an illustration of the Königsberg
problem see Figure 1.1.

Figure 1.1: Seven bridges of Königsberg.

One of the first applications of graph theory in chemistry was by Sylvester (1878a,b). At
the same time the term “graph” was introduced (Sylvester, 1878a).

Furthermore, Moreno (1932, 1934) presented a sociogram which was a representation of
the social structure of a group of individuals. Each individual was represented by a point and
each link was shown by a line connecting a pair of points. Moreno also demonstrated that
locations of points can be used to stress important structural patterns in the data. For example,
he represented a sociogram of friendship choices among elementary school students (Moreno,
1934), see Figure 1.2. He denoted boys by triangles and girls by circles and used arrowheads
to show which child chose which as a friend. In this sociogram friendships between boys and
friendships between girls prevailed; only one boy said he liked a single girl. The structure of
two friendship communities was evident as he located all the boys on the left of the figure and
all the girls on the right. Since then, sociograms have found many applications, with a special
places in the large scientific area of social network analysis (Bondy and Murty, 1976; Barabási,
2003).

Advanced applications of large graphs affect the understanding of real-world problems and
data. These application areas include fields such as medicine, genetics, epidemiology, the
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Figure 1.2: Sociogram among elementary school students (Moreno, 1934).

internet, the World Wide Web, and computing (da Fontoura Costa et al., 2007). For exam-
ple, chemists found a natural correspondence between graphs and the structural diagrams of
molecules. In the thesis, we take a closer look at chemical graph theory, where atoms are repre-
sented as vertices and molecule bonds are represented as edges between the vertices. In chem-
ical graph theory, the molecules’ structure-descriptors, called topological indices, are widely
studied in order to analyze, design, and forecast the molecules’ physical and chemical proper-
ties. One of the oldest topological indices is the Wiener index. This index, which was introduced
by Wiener (1947), is related to molecular branching. In the thesis, we show a new result con-
cerning the connection between the Wiener index of a graph and the Wiener index of its line
graph.

One of the essential problems when studying complex networks is the importance of in-
dividual vertices or edges in the corresponding graph. Centrality measures are used for this
purpose. We introduce two new centrality measures. The first centrality measure, called degree-
scaled betweenness centrality, is motivated by the idea that each vertex has associated process-
ing power that is proportional to the number of edges monitored by that vertex. We are in-
terested in the average processing power available to monitor the information flow through a
single edge. The second centrality measure, called degree-weighted betweenness centrality, is
based on the idea that the monitoring of an edge is not performed by both end-vertices simulta-
neously all the time and thus the work allocated to each vertex can be equalized based only on
the local information. Degree-weighted betweenness centrality is applied in the custom checks
at international borders for countries that have mutual trust and in virus scans during the traffic
of servers. The sum of the degree-weighted betweenness centrality of all vertices of a graph
equals the Wiener index of the graph. We determine the extremal values of new measures, as
well as the graph structures where the extremal values are attained.

In recent decades, substantial interest in the functionality and organization of large graphs
has developed to bring us better understandings of real-world phenomena such as the World
Wide Web and social networks. Many large graphs are natural artifacts that have grown through
some evolutionary process. For example, the Web is an object that no one designed. The struc-
ture of such graphs seems neither entirely random nor entirely regular, and we want to under-
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stand the balance of order and chaos in these graphs. Certainly, some of the most interesting
social networks are those in which we are the vertices. One way to understand these graphs is
to build structures that resemble them. For example, the Erdös-Rényi model (Erdös and Rényi,
1960), the Watts-Strogatz model (Watts, 1999), Kleinberg’s model (Kleinberg, 2000), and the
Barabási-Albert model (Barabási and Albert, 1999) are examples of graph models that were de-
veloped to understand social networks. These models try to satisfy important graph properties
that are present in the studied structures. For instance, social networks tend to be sparse, clus-
tered and they usually have a small diameter. However, finding the less obvious properties that
could yield useful information is also important. For this purpose, similar to chemical graph
theory, different graph indices are studied and their values in network models are compared
with values in real-world networks. In the thesis, we propose and evaluate a new social network
model, called the interaction-based model.

In computer science, graphs can be used to represent networks of communication, flows
of communication, and data structures. A parallel computer network is often modeled as an
undirected graph in which the vertices correspond to processors and the edges correspond to
communication links between the processors. The results of graph models in one system are
often applied and further evolved in another system. In the thesis we are interested in the graph
robustness. The robustness of a graph measures its resilience to the removal of edges or vertices.
Graphs that represent the topological structure of parallel computer networks must possess el-
egant properties such as small degree and diameter, high connectivity, recursive structure, and
symmetry. The hypercube is a network topology with all these required properties. Moreover,
major concern of the parallel network design is its tolerance for the occurrence of faults. Faults
could cause a failure in hardware or software. Accordingly, the third part of this dissertation is
devoted to network robustness. More specifically, we study the fault tolerance of hypercubes in
terms of mutually independent Hamiltonian cycles and paths.

The dissertation is organized as follows. Aims and the hypothesis are defined in Chap-
ter 2. In Chapter 3, we introduce the basic concepts of graph theory to provide some theoretical
grounds for the arguments in subsequent chapters. Graph structural property measures are pre-
sented in Chapter 4. The first part of the chapter addresses graph indices in chemical graph
theory with an emphasis on the Wiener index. The second part of the chapter addresses central-
ity measures, where two new centrality measures are introduced and studied in detail. Chapter
5 is dedicated to social networks. In this chapter, a new social network model is proposed and
evaluated. In Chapter 6, the basic background of the n-dimensional hypercube is provided, and
the proof of the optimal number of s-starting Hamiltonian cycles in faulty hypercubes is given.
Finally, Chapter 7 concludes the dissertation by outlining contributions and briefly discussing
possible future work.
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2 Aims and hypothesis

The purpose of the dissertation is to find new theoretical results on different graph models, and
furthermore to show an advanced application of some large graphs.

In the thesis we examine chemical graph theory and molecular structure descriptors. Besides
the mathematical beauty of results on molecules structure descriptors, chemists often find that
such results unify their chemical concepts. Among many chemical indices, we concentrate
on the Wiener index, the oldest topological index related to molecular branching and widely
applied in various domains. In this respect, we refer to the problem stated by Dobrynin and
Mel’nikov (2005a) that is formulated as follows: Is it true that for every integer g ≥ 5, there
exists a graph G (not a cycle) of girth g, for which holds that its Wiener index W (G) equals the
Wiener index of its line graph W (L(G))? Our hypothesis is the following:

H1 For every non-negative integer g0, there exists g > g0, such that there are infinitely many
graphs G of girth g, satisfying W (G) =W (L(G)).

Topological indices of graphs are studied beyond chemical graph theory and applied be-
yond chemistry; they are also a useful tool for analyzing various complex networks. Centrality
measures give us the information concerning the relative importance of vertices and edges in
a graph. We introduce two new vertex centrality measures, called degree-scaled betweenness
centrality C̃ and degree-weighted betweenness centrality C∗. The aim of the thesis is to deter-
mine the extremal values of new measures, and the graph structures where the extremal values
are attained. Our hypothesis is the following:

H2 Let n be the order of a graph G. Then, the maximal degree-scaled betweenness centrality
C̃max is bounded by 1 ≤ C̃max(G) ≤ bn2

4 c. The minimal degree-scaled betweenness cen-
trality C̃min is bounded by 1≤ C̃min(G)≤ n2

8 . The maximal degree-weighted betweenness

centrality C∗max is bounded by n−1
2 ≤C∗max(G)< (n−1)3

n and the minimal degree-weighted

betweenness centrality C∗min is bounded by C∗min(G)≤
{

n2−1
8 if n is odd,

n2

8 if n is even.
.

One of the most interesting complex networks is the network where we are represented by
the vertices and the connections between us by the edges; that is, social networks. In the thesis
we introduce an interaction-based model, which is an acquaintance network model where a
social structure is comprised of a set of actors and the ties between them. The ties between the
actors change dynamically as the consequence of incessant interactions between actors. The
connections between the actors and the strength of connections are influenced by continuous
positive and negative interactions between actors and vice versa; the future interactions are
more likely to happen between the actors who are connected with stronger ties. Our hypothesis
is the following:
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H3 Networks built by interaction-based models have social network properties. In other words,
they are sparse, have small diameters and high clustering coefficients.

In recent years, a high interest has developed to understand information broadcasted through
the network when faulty links appear. In this respect, we study the upper bound of the number
of mutually independent Hamiltonian paths and cycles in the hypercube with faulty edges. Two
ordered Hamiltonian paths in the n-dimensional hypercube Qn are independent if ith vertices
of the paths are distinct for every 1 ≤ i ≤ 2n. Similarly, two s-starting Hamiltonian cycles
are independent if the ith vertices of the cycle are distinct for every 2 ≤ i ≤ 2n. A set S of
Hamiltonian paths (s-starting Hamiltonian cycles) are mutually independent if every two paths
(cycles, respectively) from S are independent. In the thesis, we addresses two hypotheses related
to this topic:

H4 For n pairs of adjacent vertices wi and bi, there are n mutually independent Hamiltonian
paths with end-vertices wi, bi in Qn.

H5 Qn contains n− f fault-free mutually independent s-starting Hamiltonian cycles, for every
set of f ≤ n−2 faulty edges in Qn and every vertex s.
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3 Preliminaries

In this chapter we introduce some basic concepts of graph theory that we use in the thesis.

3.1 Graph and network
A graph is an ordered pair G = (V,E) such that V is the vertex set and E is a set of 2-element
subsets of V , called the edge set. If we consider more than one graph at once, the vertex set and
edge set for a given graph G are denoted as V (G) and E(G) respectively. The order of a graph
G is the number of its vertices n = |V (G)|. The size of a graph G is the number of its edges
m = |E(G)|. A graph is simple if it has no loops or multiple edges. A loop is an edge that start
and end at the same vertex. A graph is connected if every pair of vertices in G is connected.
A bridge of a connected graph is an edge whose removal disconnects the graph. The edge is
said to be incident to the vertex if the vertex is one of its end-vertices. A vertex u is said to be
adjacent to vertex v if the graph contains an edge uv.

Let v ∈ G be a vertex of a graph G. Then, the neighbourhood of v is the set

NG(v) = {u ∈V (G)|uv ∈ E(G)},

and the degree of v is the number of its neighbours

dG(v) = |NG(v)|.

For the sake of simplicity we write d(v) if the graph G is clear from the context. Let δ (G) denote
the minimum degree and let ∆(G) denote the maximum degree of a graph G. A k-regular graph
is a graph, where each vertex has degree k.

Network theory concerns itself with the study of graphs as a representation of relations
between discrete objects. A network usually represents a real-world object, while a graph refers
to a mathematical object of its real-world realisation. Therefore, networks usually consist of
additional information, e.g. vertices and edges have some labels, there are different type of
vertices and edges, etc. In the thesis we use the terms graph and network interchangeably
although they do not mean precisely the same thing.

3.2 Some graph families
A path in a graph G is a sequence P = (v1,v2, . . . ,vk) of distinct vertices such that every two
consecutive vertices are adjacent. For a path P = (v1,v2, . . . ,vk) we say that v1 and vk are the
end-vertices of P, and that P is a v1vk-path, which is denoted by P[v1,vk]. The length of a path
P, denoted |P|, is the number of its edges. The distance between u and v, d(u,v), is defined as
the minimum length of any uv-path.
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A cycle is a sequence C = (v1,v2, . . . ,vk) of k ≥ 3 distinct vertices such that every two
consecutive vertices, including the first and the last vertex of the sequence are adjacent. The
length of a shortest cycle in a graph is called girth.

A complete graph on n vertices Kn is a simple graph in which any pair of distinct vertices
are adjacent. A bipartite graph G = (U,V,E) has vertices decomposed into two disjoint sets U
and V such that no two vertices within the same set are adjacent. If every vertex in U is adjacent
with every vertex in V , then G is complete bipartite graph Ka,b, where a = |U | and b = |V |. A
star Sk is the complete bipartite graph K1,k. A tree T is connected simple graph without cycles.
In other words, any two vertices in T are connected by exactly one path. The vertices of degree
one are called leaves. Every tree Tn is bipartite and has n−1 edges.

A hypercube Qn is n-regular graph with 2n vertices and 2n−1n edges, where vertices are all
binary vectors of length n, and two vertices are adjacent if they differ in exactly one coordinate.
The hypercube is considered in detail in Chapter 6.

3.3 Operations on graphs
An isomorphism of a graph G to a graph H is a bijection

f : V (G)→V (H)

such that for any two vertices g,g′ ∈V (G), gg′ ∈ E(G) if and only if f (g) f (g′)∈ E(H). If there
exists an isomorphism between G and H, then G is said to be isomorphic to H and we write
G∼= H. An automorphism of a graph is a graph isomorphism with itself, i.e. when G and H are
one and the same graph.

Given a graph G, its line graph L(G) is a graph such that

• The vertices of L(G) are the edges of G; and

• Two vertices of L(G) are adjacent if and only if their corresponding edges in G share a
common end-vertex.

Graph L(G) represents the adjacencies between edges of G.
The Cartesian product G�H of graphs G and H is a graph such that

• V (G�H) =V (G)×V (H) = {(g,h),g ∈V (G),h ∈V (H)} and

• E(G�H) : any two vertices (g,h) and (g′,h′) are adjacent in G�H if and only if either

– g = g′ and hh′ ∈ E(H)

– h = h′ and gg′ ∈ E(G).

3.4 Hamiltonicity and matchings
A path in G is Hamiltonian if it contains all vertices of G. Similarly, a cycle C in a graph G
is Hamiltonian, if it contains all vertices of G. Hamiltonian cycle can be always reduced to
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a Hamiltonian path by removing one of its edges, but a Hamiltonian path can be extended to
Hamiltonian cycle only if its end-vertices are adjacent.

A set M ⊆ E(G) of pairwise non-adjacent edges is called a matching. A matching M is
maximal if it cannot be extended to a larger matching of G. A matching M is perfect if every
vertex of G is covered by M. Notice that no graph of odd order has a perfect matching, as every
matching clearly covers an even number of vertices. Every perfect matching is also maximum
matching, i.e. a matching that contains the largest possible number of non-adjacent edges. Every
maximum matching is also maximal.
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4 Graph indices

Graphs and networks can be described in quantitative terms using different measures or in-
dices. They function as a universal language to describe the chemical structure of molecules,
the chemical reaction networks, ecosystems, financial markets, the World Wide Web, and social
networks. In chemical graph theory we refer to these measures topological indices or molecular
descriptors. Molecular descriptors are numerical invariants of chemical graphs.

This chapter reviews main molecular descriptors and centrality measures. Among intro-
duced molecular descriptors the attention is focused on Wiener index, where a new result on
Wiener index of graphs and their line graphs is given. After a short overview of centrality
measures two new weighted measures of betweenness centralities are introduced and analysed.

4.1 Indices in chemical graph theory
In chemical graph theory, chemical data is translated into mathematical descriptions in such
a way that it satisfies both chemical and mathematical logic. Treating chemical structures as
graphs is an important methodology for understanding chemical structures and reactivity. In
this way, graph theory provides simple rules by which chemists may obtain qualitative pre-
dictions about the structure and reactivity of various chemical compounds (Trinajstić). Topo-
logical indices are numerical invariants of molecular graphs, and they may be used as numer-
ical descriptors to derive quantitative structure-property relationships (QSPR) or quantitative
structure-activity relationships (QSAR). One problem arises when assigning a numerical value
to a different topology of chemical compounds that will closely correlate with their physical
quantities. In molecular graphs, the atoms are represented by vertices and the bonds by edges.
Furthermore, the degree of a vertex in chemistry is called its valence, and double bonds or lone-
pair electrons can be represented by multiple edges and self loops (Pogliani, 2000; Randić,
2003). The indices we focus on do not recognize double bonds and lone-pair electrons and are
defined for connected and undirected molecular graphs only.

The oldest topological index related to molecular branching is the Wiener index (Wiener,
1947), which was introduced in 1947 as a path number. The same quantity has been studied and
referred to in mathematics as the gross status (Harary, 1959), the distance of graphs (Entringer
et al., 1976) and the transmission (Šoltés, 1991).

The Wiener index of a graph G, denoted by W (G), is the sum of distances between all
(unordered) pairs of vertices of G:

W (G) = ∑
u,v∈V (G)

d(u,v). (4.1)

The Hosoya index, also known as the Z index, of a graph describes the total number of
matchings within the graph. This index was introduced by Hosoya (1971) and is often used
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for investigations of organic compounds (Hosoya, 2002). A high correlation exists between the
Hosoya index and the boiling points of the acyclic alkanes.

Furthermore, the first Zagreb index M1 and the second Zagreb index M2 were defined by
Gutman and Trinajstić (1972) as:

M1(G) = ∑
v∈V

d(v)2 and M2 = ∑
uv∈E

d(u)d(v).

Zagreb indices are used by various researchers in their QSPR and QSAR studies (Devillers and
Balaban (1999)) and to study molecular complexity (Nikolić et al., 2000). In 1975, the Randić
index R(G) of a graph G was defined as:

R(G) = ∑
uv∈E

(d(u)d(v))−1/2.

It has been proven to be suitable for measuring the extent of branching of the carbon-atom
skeleton of saturated hydrocarbons (Randić, 1975).

The Estrada index was introduced in 2000 as a measure of the degree of folding of a protein
(Estrada, 2000). Later, the Estrada index was used also to measure the centrality of other com-
plex networks, such as communication, social and metabolic networks (Estrada and Rodríguez-
Velázquez, 2005a,b). This index includes the eigenvalues λi, i= 1, . . . ,n of the adjacency matrix
of a graph G and is defined as

EE(G) =
n

∑
i=1

eλi.

In the thesis, we focus on Wiener index and provide some results on the Wiener index of
graphs and their line graphs.

4.2 Wiener index
The Wiener index is a graph invariant that belongs to the molecules’ structure-descriptors called
topological indices, which are used for the design of molecules with desired properties (Randić,
1993); for its definition, see Section 4.1.

The Wiener index is easy to obtain for some classes of graphs. For graphs G and H the
Wiener index of their cartesian product is:

W (G�H) = |V (G)|2 ·W (H)+ |V (H)|2 ·W (G),

see Graovac and Pisanski (1991). From this result follows a simple formula for Wiener index
of hypercubes Qn, a comprehensive study of which is given in Chapter 6. It holds that:

W (Qn) = n22(n−1).

Furthermore, it is easy to see, that for trees on n vertices, the maximal Wiener index is
obtained for the path Pn, where:

W (Pn) =

(
n+1

3

)
.
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On the other hand the tree with minimal Wiener index is the star Sn and it holds that:

W (Sn) = (n−1)2.

Because the distance between two vertices of a tree is unique, the Wiener index of a tree is
much easier to compute than that of an arbitrary graph.

Let e = uv ∈ E(T ) be an edge of the tree T . Let nu(e) define the number of vertices of the
component T − e, which contains vertex u, and let nv(e) define the number of vertices of the
component T − e, which contains vertex v. Then

W (T ) = ∑
e∈E(T )

nu(e)nv(e).

The Wiener index is also closely related to other quantities. For example, in computer
science with the average distance µ(G) between the vertices of G, which is given by:

µ(G) =
W (G)
(|V (G)|

2

) ,

we measure the average distance traversed by the message in the network. In the theory of
social networks, the Wiener index is closely related to the betweenness centrality of a vertex
that quantifies the number of times a vertex lays on the shortest path between two other vertices.
This measure was introduced for quantifying the ability of a person to have control over the
communication between other persons in a social network (Freeman, 1977). The sum of the
betweenness centrality of all vertices of a graph G equals two times its Wiener index.

The idea and the results of given measures can be applicable and further involved in different
scientific areas.

The edge-Wiener index, We, was defined by Iranmanesh et al. (2009) as the sum of dis-
tances between all pairs of edges of the underlying (connected) graph. Because the “distance
between edges” can be defined in several non-equivalent ways, they proposed several edge-
Wiener indices, and presented some combinatorial relations between them. Further results on
edge-Wiener indices can be found in (Iranmanesh and Kafrani, 2009).

In the next section we consider a version of the edge-Wiener index, where the distance
between two edges of a graph G is defined as the distance of their corresponding vertices in
L(G), and will be denoted by W (L(G)). We emphasize that this index coincides with the first
edge-Wiener index from Iranmanesh et al. (2009).

For further details and results on the Wiener index see (Bian and Zhang, 2009; Dobrynin
et al., 2001, 2002; Gutman et al., 1993; Hua, 2009; Nikolić et al., 1995; Wang and Guo, 2008;
Yamaguchi, 2008; Zhang et al., 2008) and the references cited therein.

4.3 Wiener Index of graphs and their line graphs
The concept of line graph has various applications in physical chemistry (Gutman and Estrada,
1996; Gutman et al., 1997b). Recently there has been an interest in understanding the connec-
tion between W (G) and W (L(G)) for a graph G. In particular, it is important to understand
when a graph G satisfies W (G) = W (L(G)). In this section, we summarize some results on
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Wiener index of a graph and its line graph from the literature and present some improvements.
For more results on the topic see (Dankelmann et al., 2009; Dobrynin, 1999; Dobrynin and
Mel’nikov, 2005b,c; Gutman and Estrada, 1996; Gutman and Pavlović, 1997).

Theorem 4.1 (Buckley (1981)). For every tree T , W (L(T )) =W (T )−
(n

2

)
.

Theorem 4.2 (Gutman (1996)). If G is a connected graph with n vertices and m edges, then

W (L(G))≥W (G)−n(n−1)+
1
2

m(m+1).

Theorem 4.3 (Gutman and Pavlović (1997)). If G is a connected unicyclic graph with n vertices,
then W (L(G))≤W (G), with equality if and only if G is a cycle of length n.

In the next subsection we show that, if G is of minimum degree at least two, then, W (G)≤
W (L(G)), with a strict inequality as soon as G is not a cycle.

For a graph G, it seems difficult to characterize when W (G) = W (L(G)). Moreover, it is
not clear on which graph parameters or structural properties the difference W (G)−W (L(G))
depends.

A connected graph G is isomorphic to L(G) if and only if G is a cycle. Thus, cycles provide
a trivial infinite family of graphs for which W (G) =W (L(G)). That is, for every positive num-
ber g there exists a graph G with girth g for which W (G) = W (L(G)). In connected bicyclic
graphs all the three cases W (L(G)) < W (G), W (L(G)) = W (G), and W (L(G)) > W (G) occur
(Gutman and Pavlović, 1997). It is known that, the smallest bicyclic graph with the property
W (L(G)) =W (G) has 9 vertices and is unique. There are already 26 ten-vertex bicyclic graphs
with the same property (Gutman et al., 1997a). Dobrynin and Mel’nikov (2005a) have con-
structed infinite family of graphs of girth three and four with the property W (G) = W (L(G)),
and asked the following:

Problem 4.1 (Dobrynin and Mel’nikov (2005a)). Is it true that for every integer g ≥ 5, there
exists a graph G 6=Cg of girth g, for which W (G) =W (L(G))?

The following is one of the main results of our work in this chapter and it is published
in Cohen et al. (2010). It provides a partial answer to Problem 4.1.

Theorem 4.4. For every positive integer g0, there exists g ≥ g0 such that there are infinitely
many graphs G of girth g satisfying W (G) =W (L(G)).

Our result encourages us to state the following conjecture. The answer to it for graphs of
girth three and four is affirmative (Dobrynin and Mel’nikov, 2005a).

Conjecture 4.1. For every integer g≥ 3, there exist infinitely many graphs G of girth g satisfy-
ing W (G) =W (L(G)).

4.3.1 Graphs with minimum degree at least two
For e1,e2 ∈ E(G), we define dG(e1,e2) = dL(G)(e1,e2). The following folk lemma is needed for
the proof of Theorem 4.5, and states that the distance between two edges can be bounded by
the mean of the distances between their end-vertices. For the sake of completness we include
its proof.
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Lemma 4.1. Let G be a graph and e = uv, e′ = u′v′ be two edges of G. Then the following
inequality holds:

d(e,e′)≥ 1
4

[
d(u,u′)+d(u,v′)+d(v,u′)+d(v,v′)

]
.

Proof. Without loss of generality, we can assume that d(v,v′) = min{d(u,u′),d(u,v′),
d(v,u′),d(v,v′)}. We observe that the following holds:

d(v,u′)≤ d(v,v′)+1, d(u,u′)≤ d(v,v′)+2, and d(u,v′)≤ d(v,v′)+1.

Therefore,

1
4

(
d(u,u′)+d(u,v′)+d(v,u′)+d(v,v′)

)
≤ 1

4
(4d(v,v′)+4) = d(v,v′)+1 = d(e,e′).

The last equality in the above expression holds by minimality of d(v,v′).

The following is the main result of this section.

Theorem 4.5. Let G be a connected graph with δ (G)≥ 2. Then,

W (G)≤W (L(G)).

Moreover, the equality holds only for cycles.

Proof. If G is a cycle, then L(G) is isomorphic to G, and so, the equality holds. Hence, we may
assume that G has at least one vertex of degree at least three. By Lemma 4.1, we obtain a lower
bound on W (L(G)):

W (L(G)) = ∑
e,e′∈E(G)

e6=e′

d(e,e′)

≥ 1
4 ∑

e=uv∈E(G)
e′=u′v′∈E(G)

e 6=e′

(
d(u,u′)+d(u,v′)+d(v,u′)+d(v,v′)

)

=
1
4

[
∑

u,v∈V (G)
uv 6∈E(G)

d(u)d(v)d(u,v)+ ∑
u,v∈V (G)
uv∈E(G)

(
d(u)d(v)−1

)
d(u,v)︸ ︷︷ ︸

=1

]
.

Thus, for the difference W (L(G))−W (G), we obtain the following lower bound:

W (L(G))−W (G)≥ 1
4

[
∑

u,v∈V (G)
uv 6∈E(G)

d(u)d(v)d(u,v)+ ∑
u,v∈V (G)
uv∈E(G)

(
d(u)d(v)−1

)]
− ∑

u,v∈V (G)

d(u,v)

=
1
4

[
∑

u,v∈V (G)
uv 6∈E(G)

(
d(u)d(v)−4

)
d(u,v)+ ∑

u,v∈V (G)
uv∈E(G)

(
d(u)d(v)−5

)]
. (4.2)
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Let G2 be the graph induced by the vertices of degree two in G. Then,

∑
u,v∈V (G2)
uv 6∈E(G2)

(
dG(u)dG(v)−4

)
dG(u,v) = 0, and ∑

u,v∈V (G2)
uv∈E(G2)

(
dG(u)dG(v)−5

)
=−|E(G2)|. (4.3)

From (4.2) and (4.3), we obtain

W (L(G))−W (G)≥ 1
4

[
∑

u,v∈V (G)
{u,v}6⊆V (G2)

uv6∈E(G)

(
dG(u)dG(v)−4

)
dG(u,v)

︸ ︷︷ ︸
≥1

+

∑
u,v∈V (G)
{u,v}6⊆V (G2)

uv∈E(G)

(
dG(u)dG(v)−5︸ ︷︷ ︸

≥1

)
−|E(G2)|

]
.

As G has at least one vertex x of degree at least 3, the above sums are not empty. Besides, we
can ensure that |V (G2)|−1≥ |E(G2)|: indeed, we know that |V (H)| ≥ |E(H)| for any graph H
of maximum degree 2 with the equality holds only if H is 2-regular. But, in the present situation
there is at least one vertex of degree two adjacent to a vertex of strictly larger degree in G, as
the graph G is connected and G2 is a proper subgraph of it. So, G2 is not 2-regular, and so,
|V (G2)|> |E(G2)|. Consequently,

W (L(G))−W (G)≥ 1
4

[
∑

v∈V (G2)

dG(x,v)−|V (G2)|+1

]
≥ 1

4
.

This establishes the theorem.

4.3.2 Graphs whose Wiener index equals to the Wiener index of their line
graphs

As the equality W (L(T )) = W (T )−
(n

2

)
holds for trees (Buckley, 1981), and the equality

W (L(C)) = W (C) holds for cycles, one can expect that there are some graphs G, comprised
of cycles and trees, with property W (L(G)) = W (G). In what follows, we present one such
class of graphs.

For positive integers k, p,q, we define the graph Φ(k, p,q) as follows (see Figure 4.1 for an
illustration). The graph Φ(k, p,q) is simple and comprised of two cycles, C1 = (u1, · · · ,u2k+1)
and C2 = (v1, · · · ,v2k+1), and two paths Pp = (x1, · · · ,xp) and Pq = (y1, · · · ,yq) such that all
introduced vertices are distinct except for vertices v1 = u1 = x1 and y1 = v2k+1 = u2k+1.

We are now interested in computing the difference W (L(Φ(k, p,q)))−W (Φ(k, p,q)), which
is determined by the following technical result, and it will be used in the proof of Theorem 4.7.
The proof is straightforward and rather technical.
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Figure 4.1: Graphs Φ(k, p,q) and L(Φ(k, p,q)).

Theorem 4.6. For integers, k, p,q≥ 1, let G = Φ(k, p,q) with girth g = 2k+1. Then,

W (L(G))−W (G) =
1
2
(g2 +(p−q)2 +5(p+q−3)−2g(p+q−3)).

The proof of Theorem 4.6 follows from the following two lemmas. Their purpose is to
compute the exact value of W (G) and W (L(G)) for the Φ graphs.

Lemma 4.2. Let G be a graph Φ(k, p,q) where k, p,q≥ 1. Then,

W (G)=W (Pp+q)+4W (Pq+k)+4W (Pp+k)+2W (C2k+1)+2W (P2k+1)+2W (P2k)

−16W (Pk−1)−4W (Pq)−4W (Pp)− p(p+1)−q(q+1)−2(8k2 + k−2).

Proof. We consider several paths and cycles in G such that each pair of vertices of G belongs to
at least one of these subgraphs. See Figure 4.1 for the notation. In order to make our proof more
readable, we denote the shortest path between vertices a and b with P[a,b]. The subgraphs we
consider are the following:

• The path P[xp,yq] = (xp,xp−1, · · · ,x1,y1,y2, . . . ,yq) of length p+q−1.

• The paths P[xp,vk+1] = (xp,xp−1, . . . ,x2,v1,v2, . . . ,vk+1), P[xp,uk+1] = (xp,xp−1, . . . ,
x2,u1,u2, . . . ,uk+1), P[xp,vk+2] = (xp,xp−1, . . . ,x1,v2k+1,v2k, . . . ,vk+2) and P[xp,uk+2] =
(xp,xp−1, . . . , x1,u2k+1, u2k, . . . ,uk+2) of length p+ k−1.
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• The paths P[yq,vk+1] = (yq,yq−1, . . . ,y2,v2k+1,v2k, . . . ,vk+1), P[yq,uk+1] = (yq,yq−1, . . . ,
y2,u2k+1,u2k, . . . ,uk+1), P[yq,vk] = (yq,yq−1, . . . ,y1,v1,v2, . . . ,vk) and P[yq,uk] =
(yq,yq−1, . . . , y1,u1,u2, . . . ,uk) of length q+ k−1.

• The paths P1[uk+1,vk+1] = (uk+1,uk, . . . ,u2,v1,v2, . . . ,vk+1) and P2[uk+1,vk+1] =
(uk+1,uk+2, . . . ,u2k,v2k+1, ,v2k, . . . ,vk+1) of length 2k have the same end-vertices. Sim-
ilarly, the paths P[uk,vk+2] = (uk,uk−1, . . . ,u1,v2k+1,v2k, . . . ,vk+2) and P[uk+2,vk] =
(uk+2, uk+3, . . . , u2k+1,v1,v2, . . . ,vk) are of length 2k−1.

• The cycles Cu = (u1,u2, . . . ,u2k+1,u1) and Cv = (v1,v2, . . . ,v2k+1,v1) on 2k+1 vertices.

The pairs of vertices which were observed more than once are the following:

• Pairs of vertices on the paths P[x1,xp], P[y1,yq], P[v2,vk], P[u2,uk], P[vk+2,v2k] and
P[uk+2,u2k] are considered five times.

• Pair (x1,y1) is on distance 1 and is considered nine times. Similarly pair (uk+1,vk+1) is
on distance 2k and is considered twice.

• Pairs (u1,uk+1), (v1,vk+1), (uk+1,u2k+1) and (vk+1,v2k+1) are on distance k. Similarly
pairs of vertices {(uk+1,a)|a ∈ P[u2,uk] ∪ P[uk+2,u2k]} and {(vk+1,a)|a ∈ P[v2,vk] ∪
P[vk+2,v2k]} are on distances 1,2, . . . ,k−1. All of them are considered three times.

• Pairs of vertices {(x1,a)|a ∈ P[v2,vk] ∪ P[u2,uk]} and {(y1,a)|a ∈ P[v2k,vk+2] ∪
P[u2k,uk+2]} are on distances 1,2, . . . ,k−1 and are considered five times.

• Pairs of vertices {(x1,a)|a ∈ P[uk+2,u2k] ∪ P[vk+2,v2k]} and {(y1,a)|a ∈ P[u2,uk] ∪
P[v2,vk]} are on distances 2,3, . . . ,k and are considered three times.

• Pairs of vertices {(x1,a)|a ∈ P[y2,yq]} are on distances 2,3, . . . ,q and {(y1,a)|
a ∈ P[x2,xp]} are on distances 2,3, . . . , p. They are considered three times.

As the Wiener index of a graph G is the sum of the distances between all pairs of the vertices,
we compute it as a sum of Wiener indices of all observed subgraphs and subtract the distances
between pairs of vertices which were observed more than once. The distances are multiplied
the appropriate number of times. The Wiener index of the graph Φ(k, p,q) is

W (Φ(k, p,q)) = W (Pp+q)+2W (Pq+k)+2W (Pq+k)+2W (Pp+k)+2W (Pp+k)

+2W (C2k+1)+2W (P2k+1)+2W (P2k)−16W (Pk−1)−4W (Pq)

−4W (Pp)−8 ·1−2k−4 ·2 · k−4 ·2(1+2+ · · ·+ k−1)
−4 ·4(1+2+ · · ·+ k−1)−4 ·2(2+3+ · · ·+ k)
−2(2+3+ · · ·+q)−2(2+3+ · · ·+ p)

= W (Pp+q)+4W (Pq+k)+4W (Pp+k)+2W (C2k+1)+2W (P2k+1)

+2W (P2k)−16W (Pk−1)−4W (Pq)−4W (Pp)− p2− p−q2−q

−16k2−2k+4.
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Lemma 4.3. Let G = Φ(k, p,q) where k, p,q≥ 1. Then,

W (L(G)) = W (Pp+q−1)+2W (Pq+k−1)+2W (Pq+k)+2W (Pp+k−1)+2W (Pp+k)

+2W (C2k+1)+2W (P2k)+2W (P2k+1)−16W (Pk)−4W (Pq−1)

−4W (Pp−1)− p(p−1)−q(q−1)−4k(k+1).

Proof. Similarly as in the previous lemma, we consider paths and cycles in L(Φ(k, p,q)) such
that each pair of vertices L(φ(k, p,q)) belongs to at least one of these subgraphs. The subgraphs
we consider are the following:

• The path P[xp−1,yq−1] = (xp−1,xp−2, . . . ,x1,v2k+1,y1,y2, . . . ,yq−1) of length p+q−2.

• The paths P[xp−1,vk] = (xp−1,xp−2, . . . ,x1,v1,v2, . . . ,vk), P[xp−1,uk] = (xp−1,xp−2, . . . ,
x1,u1,u2, . . . ,uk) of length p + k − 2 and the paths P[xp−1,vk+1] = (xp−1,xp−2,
. . . , x1,v2k+1,v2k, . . . ,vk+1), P[xp−1,uk+1] = (xp−1, xp−2, . . . ,x1,u2k+1,u2k, . . . ,uk+1) of
length p+ k−1.

• The paths P[yq−1,vk+1] = (yq−1,yq−2, . . . ,y1,v2k,v2k−1, . . . ,vk+1), P[yq−1,uk+1] =
(yq−1,yq−2, . . . ,y1,u2k,u2k−1, . . . ,uk+1) of length q + k − 2 and the paths
P[yq−1,vk] = (yq−1,yq−2, . . . , y1,v2k+1, v1,v2, . . . ,vk), P[yq−1,uk] = (yq−1,yq−2, . . . ,y1,
u2k+1,u1,u2, . . . ,uk) of length q+ k−1.

• The paths P[uk,vk] = (uk,uk−1, . . . ,u1,v1,v2, . . . ,vk), P[uk+1,vk+1] = (uk+1,uk+2, . . . ,
u2k,v2k, v2k−1, . . . ,vk+1) of length 2k − 1 and the paths P[uk,vk+1] = (uk,uk−1, . . . ,
u1,v2k+1,v2k, . . . , vk+1), P[uk+1,vk] = (uk+1,uk+2, . . . ,u2k+1,v1,v2, . . . ,vk) of length 2k.

• The cycles Cu = (u1,u2, . . . ,u2k+1,u1) and Cv = (v1,v2, . . . ,v2k+1,v1) on 2k+1 vertices.

The pairs of vertices which were observed more than once are the following:

• Pairs of vertices on the paths P[x1,xp−1], P[y1,yq−1], P[v1,vk], P[u1,uk], P[vk+1,v2k] and
P[uk+1,u2k] are considered five times.

• Pairs of vertices {(v2k+1,a)|a ∈ P[u1,uk]∪P[v1,vk]∪P[uk+1,u2k]∪P[vk+1,v2k]} are on
distances 1,2, . . . ,k and are considered three times.

• Pairs of vertices {(v2k+1,a)|a∈P[y1,yq−1]} are on distances 1,2, . . . ,q−1 and are consid-
ered three times. Similarly pairs of vertices {(v2k+1,a)|a ∈ P[x1,xp−1]} are on distances
1,2, . . . , p−1 and are considered three times.

The Wiener index is calculated as a difference between a sum of Wiener indices of all observed
subgraphs and corresponding multiplication of distances between different pairs of vertices
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which were observed more than once:

W (L(G)) = W (Pp+q−1)+2W (Pq+k−1)+2W (Pq+k)+2W (Pp+k−1)+2W (Pp+k)

+2W (C2k+1)+2W (P2k)+2W (P2k+1)−16W (Pk)−4W (Pq−1)

−4W (Pp−1)−4 ·2(1+2+ · · ·+ k)
−2(1+2+ · · ·+q−1)−2(1+2+ · · ·+ p−1))

= W (Pp+q−1)+2W (Pq+k−1)+2W (Pq+k)+2W (Pp+k−1)+2W (Pp+k)

+2W (C2k+1)+2W (P2k)+2W (P2k+1)−16W (Pk)−4W (Pq−1)

−4W (Pp−1)− p2 + p−q2 +q−4k2−4k.

Proof of Theorem 4.6. By Lemmas 4.2 and 4.3, it follows that

W (L(G))−W (G) = W (Pp+q−1)−W (Pp+q)+2(W (Pq+k−1)−W (Pq+k))

+2(W (Pp+k−1)−W (Pp+k))+4(W (Pq)−W (Pq−1))

+4(W (Pp)−W (Pp−1))+16(W (Pk−1)−W (Pk))

+ p+q−4k2−4k+ p+q+16k2 +2k−4.

The Wiener index of a path with n vertices being W (Pn) =
(n+1

3

)
(Babić et al., 2002), we have

W (L(G))−W (G) =

(
p+q

3

)
−
(

p+q+1
3

)
+2

((
q+ k

3

)
−
(

q+ k+1
3

))

+2

((
p+ k

3

)
−
(

p+ k+1
3

))
+4

((
q+1

3

)
−
(

q
3

))

+4

((
p+1

3

)
−
(

p
3

))
+16

((
k
3

)
−
(

k+1
3

))

+2(p+q)+12k2−2k−4

= −
(

p+q
2

)
−2
(

q+ k
2

)
−2
(

p+ k
2

)
+4
(

q
2

)
+4
(

p
2

)
−16

(
k
2

)

+2(p+q)+12k2−2k−4

=
1
2
(−8+4k2 +3p+(p−q)2 +3q−4k(−4+ p+q)).

If we set k = (g−1)/2, we obtain the claimed formula

W (L(G))−W (G) =
1
2
(g2 +(p−q)2 +5(p+q−3)−2g(p+q−3)).

We now turn to prove the main theorem of this section.
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Theorem 4.7. For every non-negative integer h, there exist infinitely many graphs G of girth
g = h2 +h+9 with W (L(G)) =W (G).

Proof. Our candidates are Φ graphs defined above. First we prove the following claim:
Claim 1. Let a0,a1,k, such that W (L(Φ(k,a0,a1)) =W (Φ(k,a0,a1)) and a0 < a1. Then, from
a0 and a1, we can build an infinite strictly increasing sequence a0,a1,a2, . . . of integers such
that for every n≥ 0, W (L(Φ(k,an,an+1))) = W (Φ(k,an,an+1)).

By Theorem 4.6, such a sequence can only exist if the following equation is verified for all n:

Dn = W (L(Φ(k,an,an+1)))−W (Φ(k,an,an+1))

=
1
2

g2−gan−gan+1 +
1
2

a2
n−anan+1 +

1
2

a2
n+1 +3g+

5
2
(an +an+1)−

15
2

= 0,

where g = 2k+1. Then,

Dn−Dn+1 = g(an+2−an)−
1
2
(a2

n+2−a2
n)+an+1(an+2−an)−

5
2
(an+2−an)

= (an+2−an)(g−
1
2
(an+2 +an)+an+1−

5
2
)

= 0.

As we want the sequence to be strictly increasing, it is enough to solve the following recursive
equation:

g− 1
2
(an+2 +an)+an+1−

5
2
= 0. (4.4)

It is well known that a solution to (4.4) is of the form an = cn + pn, where cn = nx+ y, for
x,y ∈ R, is the homogeneous solution, and pn = cn2, for c ∈ R, is the particular solution. An
easy calculation gives y = a0, x = (5

2 +a1−g−a0) and c = g− 5
2 . Hence,

an = (g− 5
2
)n2 +(

5
2
+a1−g−a0)n+a0. (4.5)

Observe that for every n ≥ 0, an is an integer and an < an+1. As by assumption a0 and a1
satisfy the equation D0 = 0, the claim follows. 3

Let k, p,q be positive integers (with g = 2k + 1). By Theorem 4.6, W (L(Φ(k, p,q)) =
W (Φ(k, p,q)) if

g = −3+ p+q+
√

24−11p−11q+4pq. (4.6)

Setting p = 3 and q = h2 + 9 for some integer h, one obtains the equation g = h2 + h+ 9.
Then, g is an odd positive integer. Consequently, for every h ∈N the parameters g = h2+h+9,
k = 1

2(g−1), p = 3, and q = h2+9 satisfy W (L(G)) =W (G). By Claim 1, for every such girth,
we can compute an infinite family of graphs G satisfying the same equation by setting a0 = 3
and a1 = h2 +9. Thus, the theorem is proved.
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Clearly, the set of integer solutions of (4.6) is not complete (see Table 4.1 for other infinite
families). However, the equation (4.5) does not have integer solutions for every g, thus prevent-
ing us from producing an infinite family of graphs G satisfying W (L(G)) =W (G) for all girths
with the Φ family.

Table 4.1: Families of integer solutions.

p q g 24−11p−11q+4pq
3 h2 +9 h2 +h+9 h2

4 20h2 +4 20h2 +10h+5 (10h)2

6 13h2 +12h+6 13h2 +25h+15 (13h+6)2

6 13h2 +14h+7 13h2 +27h+17 (13h+7)2

7 17h2 +14h+6 17h2 +31h+17 (17h+7)2

7 17h2 +20h+9 17h2 +37h+23 (17h+10)2

9 h2 +3 h2 +5h+9 (5h)2

10 29h2 +2h+3 29h2 +31h+11 (29h+1)2

10 29h2 +56h+30 29h2 +85h+65 (29h+28)2

12 37h2 +30h+9 37h2 +67h+31 (37h+15)2

12 37h2 +44h+16 37h2 +81h+45 (37h+22)2

13 41h2 +4h+3 41h2 +45h+12 (41h+2)2

13 41h2 +78h+40 41h2 +119h+86 (41h+39)2

16 53h2 +44h+12 53h2 +97h+41 (53h+22)2

16 53h2 +62h+21 53h2 +115h+59 (53h+31)2

18 61h2 +116h+58 61h2 +177h+123 (61h+58)2

18 61h2 +128h+70 61h2 +189h+141 (61h+64)2

Theorem 4.4 is an immediate corollary of Theorem 4.7. For every positive integer g0, we
can choose a non-negative integer h such that g = h2 +h+9≥ g0. By Theorem 4.7, it follows
that there are infinitely many graphs G of girth g with W (L(G)) =W (G).

4.4 Centrality measures
Complex network analysis was recently inspired by the empirical study of real-world networks
such as computer networks and social networks. This analysis revealed that many kinds of
large networks have common behaviors. Most social, biological, and computer networks have
non-trivial topological features. For example, the diameter measures the largest shortest path in
the network, the clustering coefficient measures the connectedness of the neighbors of a given
vertex, and the number of edges incident with a given vertex is a degree. The degree belongs
to the class of centrality measures that determine the relative importance of a vertex within the
graph. Centrality measures are one of the most important tools for analyzing complex networks.
Among the many vertices and edges that form a network, some play a crucial role and are central
to the network structure. One can identify these edges and vertices using centrality measures.

The problem of assigning centrality values to vertices and edges in graphs has been thor-
oughly investigated during last years. Within graph theory and network analysis, various mea-
sures of centrality have been proposed to determine the relative importance of a vertex or edge
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in the considered network. Five measures of centrality that are widely used in network analysis
are the degree, the betweenness, and the closeness centrality first introduced by Freeman (1977,
1979), the eigenvector centrality measure proposed by Bonacich (1972) and the centrality based
on eccentricity proposed by Harary and Hage (1995). Each of these centrality measures is based
on a different concept of what makes a vertex or an edge central to a network.

The degree centrality defines central vertices having the most connections. This centrality
measure assumes that the importance of a vertex in the network is imposed by the number of
other vertices with which it directly interacts. The closeness centrality describes how close a
vertex is to all others in the considered network. Sabidussi (1966) described the sum of the
shortest path distances from one vertex to every other vertex as the vertices’ farness. Freeman
(1979) used this idea to define the closeness centrality of a vertex as the inverse of Sabidussi’s
farness:

Cc(u) =
1

∑v∈V (G) d(u,v)
.

To calculate closeness, the shortest path between all pairs of vertices in the network must be
calculated. The eigenvector centrality is unique because it considers the centrality of immediate
neighbours when computing the centrality of a vertex. This measure of centrality is based
on the philosophy that a vertex is more central if its neighbours are also highly central. The
eigenvector centrality Cλ (vi) of a vertex vi is defined as a positive multiple of the sum of adjacent
centralities:

λCλ (vi) =
n

∑
j=1

ai jCλ (v j),

where A = (ai j) is the adjacency matrix of the network. The eccentricity of a vertex is the
inverse of the largest geodesic distance from every other vertex, i.e.

Ce(u) =
1

maxv∈V (G) d(u,v)
.

Therefore, eccentricity reflects how far, at most, each vertex is from every other vertex within a
network.

The betweenness centrality is one of the most popular measures. The shortest-path be-
tweenness relies on the idea that information flows along the shortest paths through a network.
This betweenness quantifies the importance to which a vertex or an edge has control over pair-
wise connections between other vertices, which is based on the assumption that the importance
of connections is equally divided among all the shortest paths for each pair. Brandes (2008)
wrote a comprehensive survey comparing most recent variants of betweenness centrality. These
variants include the proximal target betweenness introduced by Borgatti, the bounded-distance
betweenness defined by Borgatti and Everett (2006) and the edge betweenness, a natural ex-
tension of betweenness to edges, firstly discussed by Anthonisse (1971). Other variants of the
general betweenness centrality are fundamentally different in their calculation, and they are
mostly based on the idea that a realistic betweenness measure should include the non-shortest
paths in addition to the shortest ones. The two best-known measures of this type are the flow-
betweenness centrality (Borgatti, 2005; Brandes and Fleischer, 2005; Freeman et al., 1991) and
the random walk betweenness centrality (Brandes and Fleischer, 2005; Newman, 2005).
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4.5 Two new weighted measures of betweenness centrality
Let us first introduce the important terms underlying our work, give the definition of two new in-
variants, and the a motivation for introducing new measures for definitions and standard graph-
theory terminology (Bollobás, 1998; Bondy and Murty, 2008; Diestel, 2005).

Let G be an undirected simple graph comprising a set V (G) of vertices together with a set
E(G) of edges.

Denote by σ(u,v) the number of shortest uv-paths, and let σ(u,v|i j) be the number of
shortest uv-paths passing through some edge i j. In the original definition given by Freeman
(1977), the betweenness centrality of a vertex v is defined by the probabilistic number of shortest
paths between pairs of vertices that use vertex v. In this work, we use a slightly different way
of defining betweenness centrality measure, using the idea proposed in Caporossi et al. (2012).
We first define betweenness for edges and later extend the definition to vertices by summation.
To each edge i j ∈ E(G) we associate the probabilistic number of shortest paths bi j in which is
involved:

bi j = ∑
u,v∈V (G), u<v

σ(u,v|i j)
σ(u,v)

(4.7)

and extend this definition to the definition of the betweenness centrality for vertices as follows:

Ci = ∑
j∈N(i)

bi j (4.8)

for every vertex i ∈ V (G), where N(i) denotes the set of neighbors of a vertex i in a graph G.
Caporossi et al. (2012) proved the upper and lower bounds of extremal Ci values:

n−1≤ maxi∈V (G)Ci ≤ (n−1)2,

n−1≤ mini∈V (G)Ci ≤
{

n2−1
4 if n is odd,

n2

4 if n is even.

As noted in Caporossi et al. (2012), this centrality measure is closely related to Freeman’s
betweenness centrality, denoted by CF

i . The relation between these two measures is given by
Ci = 2CF

i + n− 1, where n = |V (G)|. Another important relation emphasized in Caporossi
et al. (2012) is the relation between the Wiener index (Wiener, 1947) and the betweenness
centrality. The Wiener index of a graph G, denoted by W (G), is the sum of distances between
all (unordered) pairs of vertices of G (see 4.1). The Wiener index is related to the betweenness
centrality as 2W (G) = ∑i∈V (G)Ci. In the class of 2-connected and 2-edge-connected graphs of
order n, the cycle Cn has a maximal Wiener index (Plesnik, 1984):

W (Cn) =

{
n(n2−1)

8 if n is odd,
n3

8 if n is even.
(4.9)

Now, we can define two new invariants. First, the degree-scaled betweenness centrality is
defined as:

C̃i =
Ci

d(i)
, (4.10)
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where d(i) denotes the degree of a vertex i∈V (G). The degree-weighted betweenness centrality
is defined for every vertex i ∈V (G) as follows:

C∗i = ∑
j∈N(i)

d( j)
d(i)+d( j)

bi j. (4.11)

The first invariant C̃i measures workload of a vertex i based on its communication ability, where
we assume that a communication ability of a vertex i is measured by its degree. An edge i j is
highly loaded if its betweenness is high, meaning that many shortest paths are going through i j.
Therefore, workload of the vertex i is the betweenness centrality of i scaled with its degree.

The second invariant is motivated by the idea that the monitoring of the information flow
through some edge is not done by both end-vertices simultaneously all the time, but that moni-
toring by one of the end-vertices is sufficient. This condition is similar to customs checks on the
borders between countries that have mutual trust or virus scans during the traffic of servers. The
intention is to equalize the workload of each vertex based only on the local information of the
network-namely, only on the degrees d(i) and d( j). A correlation between the workload of the
vertex and its degree means that one of the possibilities to divide the workload is proportional
to the inverse of a degree. Hence, we obtain:

C∗i = ∑
j∈N(i)

1
d(i)

1
d(i) +

1
d( j)

bi j = ∑
j∈N(i)

d( j)
d(i)+d( j)

bi j.

In the next section, we investigate the relationship between structural properties of a graph
and the new centrality measures. We are particularly interested in the cases in which those
centrality measures attain their maximum or minimum values.

4.5.1 Extremal values of C̃ and C∗

Let F : G→ R be the centrality measure on the graph G. Then, let Fmax(G) (resp. Fmin(G)) be
the maximum (resp. the minimum) value of F that is obtained by a vertex of G, i.e.

Fmax(G) = max
i∈V (G)

Fi and Fmin(G) = min
i∈V (G)

Fi.

For given integers n and k with n> k, let r and s be integers such that n= sk+r+1 and r < k−1.
Thus s is the quotient and r+1 is the remainder when n is divided by k. Let Tn,k be the class of
graphs G of order n, where G has a vertex i incident with k bridges, and in addition G− i has r
components of order s+ 1 and k− r components of order s (see Figure 4.2). Furthermore, for
every j ∈ N(i), we denote by Vj a set of vertices of the corresponding connected component.
Then the following proposition holds:

Proposition 4.1. For every connected graph G on n vertices, the following holds

1≤ C̃max(G)≤ bn
2

4
c.

Moreover, the lower bound is obtained if and only if G∼= Kn and the upper bound is obtained if
and only if G∼= Tn,2 and n is odd.
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· · ·

i

j1 j2 jk

Figure 4.2: The Tn,k graph.

Proof. It is easy to observe that the following holds:

nC̃max(G)≥ ∑
i∈V (G)

C̃i = ∑
i∈V (G)

Ci

d(i)
≥ 1

n−1 ∑
i∈V (G)

Ci =
2W (G)

n−1
≥ 2

n−1

(
n
2

)
= n.

Note that the equality holds only if all the above inequalities are equalities, and this condition is
satisfied if and only if the considered graph G is isomorphic to the complete graph on n vertices
Kn. Hence, the complete graph Kn is the only graph for which the minimum value of C̃max is
attained, and it is equal to 1.

In order to prove the upper bound for C̃max(G), we use the result proved in (Caporossi et al.,
2012). If we define bmax = maxi j∈E(G) bi j, then the previously mentioned result states that

1≤ bmax ≤ b
n2

4
c.

The lower bound is tight if and only if G is a complete graph and the upper bound is tight if
and only if G is composed of two subgraphs GA and GB of respective order a and b such that
a = bn

2c and b = dn
2e, joined by a single edge. Then the following holds

C̃max(G) = max
i∈V (G)

∑ j∈N(i) bi j

d(i)
≤ bmax ≤ b

n2

4
c.

Note that the upper bound is tight if and only if G∼= Tn,2 and n is odd. Only in this special
case we obtain C̃max(Tn,2) =

2bmax
2 = bn2

4 c.

It can be easily seen that bi j ≥ 1 for every edge i j ∈ E(G) and Ci ≥ d(i) for every vertex
i ∈V (G). Thus, C̃i ≥ 1 and C̃i = 1 for every vertex i ∈ Kn.

Now, we consider the bounds for C̃min.

Proposition 4.2. For every connected graph G on n≥ 7 vertices, the following holds

1≤ C̃min(G)≤ n2

8
.

Moreover, the lower bound is obtained if and only if G∼= Kn and the upper bound is obtained if
and only if G∼=Cn and n is even.
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Proof. First, notice that Definitions (4.7), (4.8), (4.10) immediately imply that C̃i = 1 is equiv-
alent to Ci = d(i) and to bi j = 1. We have already noted above that the last equality holds if and
only if G is isomorphic to Kn. Hence, the lower bound holds.

If there is a vertex i of degree one in a graph G, then C̃i =Ci = n−1. From the other side,
if G is a cycle then it is easy to see that

C̃min(G) =

{
n2−1

8 if n is odd,
n2

8 if n is even,

by the equation (4.9). Hence, the upper bound of C̃i is obtained in a graph G with δ (G) > 1,
whenever n≥ 7. Therefore, Cmin ≤ 2W (G)/n≤ 2W (Cn)/n and

C̃min = min
i∈V (G)

Ci

d(i)
≤

mini∈V (G)Ci

δ (G)
≤ W (Cn)

n
≤ n2

8
,

where the last inequality holds since W (Cn)≤ n3

8 . Thus, the upper bound is tight if and only if
G is isomorphic to a cycle on n vertices, Cn, where n is even.

Let C∗max(G) := maxi∈V (G)C∗i be the maximum value of C∗ within a graph G. Then the
following proposition holds.

Proposition 4.3. For every connected graph G on n vertices, the following holds

n−1
2
≤C∗max(G)<

(n−1)3

n
.

Moreover, the lower bound is tight if and only if G∼= Kn.

Proof. In order to prove the first inequality, we use a relation between the Wiener index W (G)
and C∗, W (Kn)≤W (G) = ∑i∈V (G)C∗i ≤ nC∗max(G). Now, the desired inequality follows directly
from the previous relation,

C∗max(G)≥ W (Kn)

n
=

1
n

(
n
2

)
=

n−1
2

.

Obviously, the equality holds if and only if G is isomorphic to the complete graph on n vertices,
Kn.

Let G be a graph and i its vertex for which C∗max(G) is attained. We may assume that
d(i)> 1, otherwise C∗i ∈ O(n). Regarding the second inequality notice that

d( j)
d(i)+d( j)

≤ n−1
n

with the equality holding only if d(i) = 1 and d( j) = n−1. Thus, we infer

C∗max(G) = max
i∈V (G)

∑
j∈N(i)

d( j)
d(i)+d( j)

bi j <
n−1

n ∑
j∈N(i)

bi j ≤
(n−1)3

n
,

where the last inequality follows from the upper bound of extremal Ci value given in Section 4.5.
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Regarding the upper bound of Proposition 4.3, we have graphs with the value of C∗max close
to n2.

Now, use the notation for G as in the definition of Tn,k. Let T ′n,k ⊂ Tn,k be class of graphs
G such that for every j ∈ N(i) it holds d( j) = |Vj|, where i is a vertex with k bridges. Then the
following proposition holds.

Proposition 4.4. Let 0 < ε < 1/2. Then for n > (2
ε
)3, 2

ε
< k < n1/3 and any graph G ∈ T ′n,k,

it holds
C∗max(G)> (1−2ε)n2.

In particular, for large n there exist graphs on n vertices with C∗max(G) arbitrary close to n2.

Proof. First note that in each graph G ∈ T ′n,k the maximum C∗max(G) is attained at the vertex i
with k bridges. Let r,s be such that n = ks+ r+1 and 0 ≤ r < k−1 and let G ∈ T ′n,k. In the
special case where r = 0 it is easy to see that

C∗max(G) =C∗i =
(n−1)2(nk−n+1)

k(n−1+ k2)
.

Then for G we infer that

(n−1)2(nk−n+1)
k(n−1+ k2)

>
n2(n−2)(k−1)

k(n−1+ k2)
>

k−2
k

n2 > (1− ε)n2 > (1−2ε)n2,

where the second inequality holds for large enough n since for k < n1/3, it holds (n−2)(k−1)>
(k−2)(n−1+ k2).

Suppose now that r > 0. Let n∗ = n− r. Then n∗ = ks+1. Hence

C∗i = ∑
j∈N(i)

d( j)
d( j)+d(i)

|Vj|(n−|Vj|)> ∑
j∈N(i)

s
s+ k

s(n−s)≥ ∑
j∈N(i)

s
s+ k

s(n∗−s)> (1−2ε)(n∗)2.

The first inequality holds since the vertex of degree s+ 1 has bigger contribution to the
summation than the vertex of degree s, i.e.

s+1
s+1+ k

(s+1)(n− s−1) >
s

s+ k
s(n− s)

(s+1)(n− s−1) > s(n− s)
n > 2s+1,

what is always true since n = sk+ r+1,r > 0 and k > 2.
Since n > (2

ε
)3, we infer that ε > 2

n2/3 and since r < k < n1/3 it follows that εn2 > 2nr, so
εn2− εr2 +2εnr > 2nr− r2 and

(1− ε)(n− r)2 > (1−2ε)n2.

In what follows, we will prove the upper bound for C∗min(G).
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Proposition 4.5. For every connected graph G on n≥ 8 vertices, the following holds

C∗min(G)≤ n2

8

Moreover, the equality holds if and only if G∼=Cn and n is even.

Proof. It is easy to derive that,

C∗(Cn) =

{
n2−1

8 if n is odd,
n2

8 if n is even.

We may assume that G is a graph such that δ (G) ≥ 2. Otherwise, let i ∈ V (G) be a vertex of
degree one. And so for n≥ 8

C∗i =
d

d +1
bi j =

d
d +1

(n−1)< (n−1)<C∗(Cn),

where j is a unique neighbour of i and d( j) = d. Therefore,

C∗min(G)≤ ∑i∈V (G)C∗i
n

=
W (G)

n
≤ W (Cn)

n
=C∗(Cn).

Note that last inequality holds since Cn has the largest Wiener index between all graphs G with
minimum degree δ (G)≥ 2.

Since C∗min(G) ≤C∗(Cn) for every graph G, it follows that the equality holds if and only if
G is isomorphic to a cycle on n vertices, Cn.

For given integers n and a such that n > a, let Rn,a be a class of graphs constructed from the
complete bipartite graph K2,a by attaching n−a−2 leaves at one of the two vertices of degree
a, say v. Thus, G is Rn,a graph if it consists of n vertices such that n−a−2 are of degree 1, a
vertices are of degree 2, one vertex is of degree a and one of degree n−2 (see Figure 4.3).

u v

Figure 4.3: The Rn,a graph.

Proposition 4.6. Let G be Rn,a graph and u ∈V (G) the vertex of degree a. Then,

C∗u ≥ 2
√

2n+4−5.
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Proof. We evaluate C∗u and determine the degree a for which it attains its minimum. Observe
that

C∗u = ∑
j∈N(u)

d( j)
d(u)+d( j)

bu j = a
2

a+2

(
1+(n−a−1)

1
a
+(a−1)

1
2

)
.

The first equality follows directly from the definition of the degree-weighted betweenness cen-
trality. To see why the second equality holds, consider an edge u j from E(G). We said that u is
a vertex of degree a, and by the definition of Rn,a graphs, every j ∈ N(u) has degree 2. Thus,

d( j)
d(u)+d( j) =

2
a+2 . It remains to calculate bu j, which is a probabilistic number of shortest paths in

which the edge u j is involved.
Firstly, consider all neighboring vertices of u. In this particular case, there is only one

shortest path that contains u j, namely the shortest path from u to j. If we consider a shortest
paths between u and non-neighboring vertices, it can be easily seen that only one out of a
shortest paths passes through u j. This holds for all non-neighboring vertices, hence (n−a−1)
of them. The third case involves a shortest paths between two neighboring vertices of the vertex
u. Shortest paths that pass through u j are those between j and any other neighboring vertex
of u. There are two such shortest paths and only one of them uses u j. Summing up all these
shortest paths, we get the expression in parentheses.

Simplifying the expression for C∗u we get

C∗u =
2n+4
a+2

+(a+2)−5.

The above expression attains its minimum for a =
√

2n+4− 2 and so the minimum value of
C∗ is at least 2

√
2n+4−5.

We also strongly believe that the following conjecture is true:

Conjecture 4.2. Let G be a connected graph on n vertices. Then C∗min(G) ∈ Ω(
√

n) and the
graph from the class Rn,a is the extremal one.

4.5.2 Statistical results
We calculated the values of new centrality measures in several real-world networks that are
commonly used by other researchers. These networks include: the Zachary’s Karate Club net-
work (Zachary, 1977), (34 vertices); the Dolphin social network (Lusseau et al., 2003), (62
vertices); the American College Football network (Girvan and Newman, 2002), (115 vertices);
the Network of co-purchased political books Krebs (2008), (105 vertices); the Neural network
of C. elegans (Jeong et al., 2000), (453 vertices); the Network of collaborations between jazz
musicians (Gleiser and Danon, 2003), (198 vertices). The main goal of the following statistical
analysis is to show that the allocation of the work, wherefrom the invariant C∗ is motivated, is
promising by showing that C∗ is much less dispersed then 1

2 C. In addition, we examine if the
measure of workload, wherefrom C̃ is motivated, is appropriate or maybe some other normal-
ization is even better.

The obtained results are summarized in Tables 4.2 and 4.3. As a first step, for every net-
work we computed the four centrality measures, denoted Degree (d), CentralityHalf (1

2 C),
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Table 4.2: Means and standard deviations of centrality measures for different real-world net-
works.

Degree CentralityHalf CentralityStar CentralityTilde

Karate club
Mean 4.59 39.73 39.73 16.16
St.Dev. 3.88 49.60 21.68 5.89

Dolphins
Mean 5.13 102.39 102.39 42.94
St.Dev. 2.96 93.53 79.42 27.81

College football
Mean 10.66 142.96 142.96 26.86
St.Dev. 0.89 38.67 37.12 6.97

Political books
Mean 8.40 160.09 160.09 38.12
St.Dev. 5.47 155.58 125.11 28.37

C. elegans
Mean 8.94 602.01 602.01 123.45
St.Dev. 16.71 2516.44 582.48 87.49

Jazz
Mean 27.70 220.15 220.15 25.05
St.Dev. 17.45 271.89 140.01 36.43

Table 4.3: Correlation matrices - Pearson correlation coefficients.

Degree CentralityHalf

Karate club
CentralityStar 0.65 0.78
CentralityTilde 0.24 0.53

Dolphins
CentralityStar 0.37 0.94
CentralityTilde -0.19 0.59

College football
CentralityStar 0.15 0.99
CentralityTilde -0.06 0.94

Political books
CentralityStar 0.36 0.89
CentralityTilde -0.00 0.64

C. elegans
CentralityStar 0.81 0.74
CentralityTilde 0.07 0.23

Jazz
CentralityStar 0.47 0.94
CentralityTilde -0.40 0.10
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CentralityTilde (C̃) and CentralityStar (C∗), so that all four values were assigned to each ver-
tex. Using obtained values for every vertex, we calculated the mean and standard deviation
of particular centrality measure for each of the observed networks. As can be seen from the
results, means of 1

2C and C∗ are equal for every network. This follows from the fact that
∑i∈V (G)C∗i =W (G) = 1

2 ∑i∈V (G)Ci, and hence 1
|V (G)|∑i∈V (G)C∗i = 1

2|V (G)|∑i∈V Ci. Expected re-
sult stated above, about standard deviations of these two measures, is confirmed by the results
in the Table 4.2. Thus, in the considered networks, C∗ is less dispersed then 1

2 C. Scatter plots
for each network are shown in Figures 4.4–4.9. Results showed that C∗ provides an efficient
allocation of work among vertices of considered networks.

Table 4.3 presents the results for the correlation between a pair of different centralities.
It can be estimated by Pearson’s correlation coefficient which measures the strength and the
direction of a linear relationship between two variables. Its value ranges from −1 to 1, where 1
means that two variables are perfectly positively correlated and −1 indicates that two variables
are perfectly negatively correlated (anti-correlated).

As can be seen from the Table 4.3, 1
2C and C∗ are highly positively correlated in each

network. The same result is noticeable from the scatter plots between these two measures,
where the green line represents the regression line (known as the least squares line). It is a plot
of the expected value of the dependent variable for all values of the independent variable. The
regression line can be considered as the one that best fits the data on a scatter plot.

The results obtained in this way do not tell us anything about the correlation between d
and C̃, which is defined as C̃i =

Ci
d(i) , for every vertex i ∈ V (G). The reason for obtaining such

results is the known fact that the ordinary centrality measure C is highly positively correlated
with degree d (Lee, 2008) and the correlation between d and C̃ is affected by it.
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Figure 4.4: Scatter plots for Zachary’s Karate Club network: a) CenralityStar and b) Centrali-
tyTilda.
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Figure 4.5: Scatter plots for Dolphin Social Network: a) CenralityStar and b) CentralityTilda.
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Figure 4.6: Scatter plots for American College Football network: a) CenralityStar and b) Cen-
tralityTilda.
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Figure 4.7: Scatter plots for Books About US Politics network: a) CenralityStar and b) Central-
ityTilda.
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Figure 4.8: Scatter plots for Neural Network network: a) CenralityStar and b) CentralityTilda.
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Figure 4.9: Scatter plots for Collaborations Between Jazz Musicians network: a) CenralityStar
and b) CentralityTilda.

Summary
In this chapter we consider the relation between the Wiener index of a graph G and its line
graph L(G). We show that if G is of minimum degree at least two, then W (G)≤W (L(G)). We
prove that for every non-negative integer g0, there exists g > g0, such that there are infinitely
many graphs G of girth g, satisfying W (G) = W (L(G)). This partially answers a question
raised by Dobrynin and Mel’nikov (2005b) and encourages us to conjecture that the answer to
a stronger form of their question is affirmative.

Furthermore, we introduced degree-scaled betweenness centrality and degree-weighted be-
tweenness centrality. The first invariant measures the workload of a vertex based on the work-
load of edges incident with it. The motivation for the second index is found in the idea that
monitoring of an edge is not done by both end-vertices simultaneously at all times and that the
workload of each vertex can be equalized based only on the local information. The goal of this
study was to determine the extremal values of new measures, as well as the graph structures
where the extremal values are attained. Several real-world networks were used to evaluate the
introduced measures. The obtained results were used for statistical comparison with standard
measures of centrality to justify the introduction of the measures.
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5 Social network models

In the last few decades, researchers have extensively investigated networks in technology, bi-
ology, and sociology. For instance, real-world networks are: i) technological networks (such
as road networks, railways, and electric power grids), ii) biological networks (such as neural
networks, metabolic paths, and vascular networks in plants), iii) information networks (such
as citation networks between academic papers and the World Wide Web), and iv) social net-
works (such as email networks, phone call networks, and research collaboration networks).
Researchers try to specify the network’s structure and understand how networks evolve. Three
components in network studies have been identified (Newman, 2008). First, in empirical stud-
ies researchers try to picture the connections between individuals by using different techniques.
Such techniques include interviews, observation of individuals, and the use of archival records.
Second, empirical data can be further investigated by mathematical and statistical techniques.
Third, based on the properties extracted from the network, we can build mathematical models
to simulate dependent processes that allow us to predict the behavior of the network (Erdös and
Rényi, 1960; Barabási and Albert, 1999; Davidsen et al., 2002; Marsili et al., 2004; Wang et al.,
2005; White et al., 2006; Ludwig and Abell, 2007; Kumpula et al., 2007; Leskovec et al., 2010;
Xiong et al., 2011; Jiang et al., 2011). In this chapter a new network model is introduced and
evaluated.

5.1 The inspiration behind the model
For certain, among the most interesting networks are social networks that represent relationships
and flows between people, groups, and animals (Freeman, 1977). The social behavior of animals
has long been an object of observation, and the social patterns of simple animal species such
as birds, bees, and ants can yield insights into human social behavior (Wynne, 2001; Camazine
et al., 2001).

For example, ants can find the shortest path from a food source to the nest. While walking
from the food source to the nest, ants lay chemical substance called pheromone on the trail.
The pheromone slowly evaporate. During the food search, each ant probabilistically prefers
to follow a direction rich in pheromone (Grassé, 1959). This paradigm is successfully used in
combinatorial and continuous optimization (Dorigo et al., 1996, 2000) and network analysis
(Handl et al., 2006; Martens et al., 2007).

We combine the idea of pheromone deposition and evaporation with the sociological princi-
ples where interactions between individuals change their connection strength. The interactions
between individuals are modeled by pheromone and when they appear in triads, they appear ac-
cording to the balance theory (Heider, 1946). Thus, the human social systems are living struc-
tures where many simultaneous interactions are happening between individuals all the time and
each interaction influences future interactions. We present and study a new interaction-based
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model, where each interaction between two individuals influences future interactions similarly
to how pheromone trails influence the ant’s future decision on its path.

5.2 Social network properties
The term “social network” describes a structure determined by the interactions between individ-
uals, groups, and organizations. For the summary of the progress of social networks and social
network analysis, see Freeman (1977). However, the major developments in the field have oc-
curred since the beginning of the twentieth century when graph theory became more involved
with statistics and algorithms. Most real networks possess nontrivial topological features. Their
structure changes dynamically and lies between order and perfect randomness.

Large real-world graphs do not have only large numbers of vertices, but they also tend to
be sparse, clustered, and have a small diameter. These kinds of graphs are termed small-world
graphs (Watts, 1999). The diameter d of a graph G is the longest shortest path between any two
graph vertices:

d(G) = max
u,v∈V (G)

d(u,v).

Some of the first studies on distances in social networks were done by Rapoport (1957) and later
by de Sola Pool and Kochen (1978), while at about the same time Milgram (1967) conducted
the first empirical work. In his experiment, Milgram prepared letters addressed to a person in
Massachusetts and asked some persons in Nebraska to send a letter to someone among his/her
acquaintances who might be closer to the target person. The average number of intermediate
steps of the trials that successfully reached the target person was found to lie between five and
six. From this result comes the well known “six degrees of separation” principle.

The local clustering coefficient of a vertex measures how close the vertex neighbors are to
being a complete graph. The average clustering coefficient of a graph G is the average local
clustering coefficient of vertices. This coefficient is calculated as:

c(G) = n−1
n

∑
i=1

(|N(i)|
2

)−1

|E(N(i))|,

where n is the graph order, N(i) is the neighborhood of the vertex i, and |E(N(i))| is the num-
ber of edges in the graph induced by N(i). For the sake of simplicity, the average clustering
coefficient is referred to as the clustering coefficient.

Small worlds have O(n logn) edges, the diameter is O(logn) and the clustering coefficient
is a small constant independent from the network size. Watts and Strogatz (1998) found a natu-
ral way to build small-world graphs by interpolating between lattice and random graphs. They
began with a regular lattice and then rewired every edge with a given probability p. Kleinberg
(2000) criticized the Watts and Strogatz model (Watts and Strogatz, 1998) because it does not
consider Milgram’s findings (Milgram, 1967) that individuals using local information are col-
lectively effective at constructing short paths between two vertices in a social network. Klein-
berg built a model for which decentralized algorithms are effective (Kleinberg, 2000).

Sparseness, clustering and small diameter are not the only properties of large real-world
graphs. Barabási and Albert (1999) found that in many large networks the vertex degree k
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follows a scale-free power-law distribution:

P(k) = k−λ ,

where most scale-free networks have λ between 2 and 3. They proposed a model that generates
scale-free networks by using important concepts of growth and preferential attachment. This
is, at each time step a new vertex is connected to existing vertices with probability that is
proportional to the number of links that existing vertices already have. However, it has been
shown that some real networks do not obey the power-law distribution (Newman, 2001), despite
that the degree distributions are skewed.

5.3 Sociological principles
Most of noticeable interactions that happen to an average person during a day are the interac-
tions between the person and his/her acquaintances or the acquaintances of his/her acquaintance.
We can more generally say that in the social networks the connections between individuals are
formed based on the local information of the network (Grossetti, 2005). Based on this principle,
Davidsen et al. (2002) simulate the evolution of social networks. The dynamics of their model
is defined by randomly linking up neighboring vertices: in case the vertex does not have enough
neighbors, another randomly chosen vertex is linked.

2 Vida Vukašinović et al.: Towards social networks model

local clustering coefficient of vertices. It is calculated as

c = n−1
n∑

i=1

(|N(i)|
2

)−1

|E(N(i))|,

where n is the graph order, N(i) is the neighborhood of
the vertex i, and |E(N(i))| is the number of edges in the
graph induced by N(i).

Small worlds have O(n log n) edges, the diameter is
O(log n) and the clustering coefficient is a small constant
independent from the network size. Watts and Strogatz
[6] found a natural way to build small world graphs by in-
terpolating between lattice and random graph. They start
with a regular lattice and then rewire every edge with a
given probability p.

Some of the first studies on distances in social networks
were done by Rapoport [7] and later by de Sola Pool and
Kochen [8], while at about the same time Milgram [9]
made the first empirical work. Milgram in his experiment
prepared letters addressed to a person in Massachusetts
and asked some persons in Nebraska to send a letter to
someone in his acquaintances who might be closer to the
target person. The average number of intermediate steps
of the trials that successfully reached the target person
was found to lie between five and six. From this result
comes the well known principle called “six degree of sep-
aration”. Kleinberg [10] criticizes the Watts and Strogatz
model [6] since it does not consider Milgrams findings [9]:
individuals using local information are collectively very ef-
fective at actually constructing short paths between two
vertices in a social network. He built a model for which
decentralized algorithms are effective [10].

Sparseness, clustering and small diameter are not the
only properties of large real-world graphs. Barabási and
Réka [11] found out that in many large networks the vertex
degree k follows a scale-free power-law distribution

P (k) = k−λ,

where most scale-free networks have λ between 2 and 3.
However, it has been shown that some real networks do
not obey the power-law distribution [12], despite that the
degree distributions are skewed.

Among many vertices and edges that form a network,
some play a crucial role and are considered to be central
within the network structure. Other centrality measures
besides vertex degree value are vertex and edge between-
ness centralities, introduced in [13] and [14], respectively.
They quantify the importance to which a vertex, resp. an
edge has control over pairwise connections between other
vertices, based on the assumption that the importance of
connections is equally divided among all shortest paths
for each pair. The vertex betweenness centrality VB(v) of
a vertex v ∈ V (G) is

VB(v) =
∑

s,t∈V (G)

σ(s, t|v)

σ(s, t)
,

The edge betweenness centrality EB(v) of a vertex v ∈
V (G) is

EB(v) =
∑

u∈N (v)

∑

s,t∈V (G)

σ(s, t|uv)

σ(s, t)
,

where σ(s, t) is the number of shortest (s, t)-paths, σ(s, t|v)
is the number of shortest (s, t)-paths passing through some
vertex v and σ(u, v|ij) is the number of shortest (s, t)-
paths passing through some edge uv.

3 Locality principle, balance theory and
weighted ties

Most of noticeable interactions that happen to an aver-
age person during a day are the interactions between the
person and his acquaintances or the acquaintances of his
acquaintance. We can more generally say that in the social
networks majority of the meaningful interactions among
individuals are based on the local information of the net-
work. Based on this principle Davidsen et al. [15] simulate
the evolution of social networks. The dynamics of their
model is defined by randomly linking up neighboring ver-
tices: in case the vertex does not have enough neighbors,
one other randomly chosen vertex is linked.

Fig. 1. Balanced and imbalanced triadic relations where ev-
ery two individuals perceive their relation as being positive or
negative.

Interactions between people could cause positive or
negative sentiments. These sentiments define how people
perceive their relations with other people. Heider’s balance
theory [16] says that two persons equivalently perceive
their relations as positive or negative. Three persons per-
ceive their triadic relations as balanced or imbalanced, de-
pending on the number of positive and negative relations
between them. If there are three positive or one positive
and two negative relations, they perceive it as balanced.
Otherwise, if there are one or three negative relations, they
perceive it as imbalanced, as presented in Figure 1. From
the perspective of a person the balanced triadic relations
can be understood by the following statements: “friend of
my friend is my friend”, “friend of my enemy is my en-
emy”, “enemy of my friend is my enemy”, and “enemy of
my enemy is my friend”. According to the social balance
theory imbalanced triads are uncomfortable for the per-
sons involved. Moreover, they could cause reorganization

Figure 5.1: Balanced and imbalanced triadic relations where every two individuals perceive
their relation as being positive or negative.

Interactions between people could cause positive or negative sentiments. These sentiments
define how people perceive their relations with other people. Heider’s balance theory (Heider,
1946) says that two persons equivalently perceive their relation as positive or negative. Three
persons perceive their triadic relation as balanced or imbalanced, depending on the number of
positive and negative relations between them. If there are three positive or one positive and two
negative relations, they perceive it as balanced. Otherwise, if there are one or three negative
relations, they perceive it as imbalanced, as presented in Figure 5.1. From the perspective of
a person the balanced triadic relations can be understood by the following statements: “friend
of my friend is my friend”, “friend of my enemy is my enemy”, “enemy of my friend is my
enemy”, and “enemy of my enemy is my friend”. According to the social balance theory im-
balanced triads are uncomfortable for the persons involved. Moreover, they could cause reorga-
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nization of the entire network. Persons in the imbalanced triads tend to make them balanced or
some connections may broke.

Based on these insights, Ludwig and Abell (2007) built an evolutionary social network
model. They build a model by sequentially attaching randomly selected positive and negative
edges to a given set of vertices. At each time step they take care that each vertex keeps low
number of imbalanced triads.

Differences in relations are not just in positive and negative perceptions but also in the way
how close (i.e., strong) are the relations between persons. Therefore, weighted networks have
been introduced: appropriate weights are assigned to the edges of these networks, where the
weight quantifies the strength of the given relation. It is natural to expect that the weights
have an influence on the formation of the network. In the weak link hypothesis, Granovetter
(1973) states that weak ties between people connect two or more communities keep the network
connected whereas strong ties are mostly inside communities.

Kumpula et al. (2007) present a model where the weights are generated dynamically. They
distinguish two mechanisms of tie formation. The first one refers to forming ties with one’s
network neighbor, while the second one refers to forming ties between people who share the
same activities independently of the distance inside the network. In their model these two
mechanisms are local attachment and global attachment. The local attachment process is a
local two-step weighted self-avoiding random walk. In the local attachment the visited edges
and the edge between the first and last vertex in weighted random walk are reinforced by a small
amount. In the global attachment a random edge is established with some probability p. Such
model proves the weak link hypothesis.

Figure 5.2: Weighted local search and preferential random interaction rules. A weighted local
search starts at vertex i, proceeds to vertex j and then to k. Weights on i j and jk are increased by
δ with probability pL and decreased by δ with probability 1− pL. Weight on ik is established
or refreshed by ±δ considering the balance theory: a) vertices j and k are i’s neighbors; b) if
vertex k is not i’s neighbor, new edge is established. A vertex l is chosen by preferential random
interaction rule and the edge il is established or refreshed by δ with probability pG and by −δ

with probability 1− pG: c) an example where vertices i and l are not neighbors.

5.4 Interaction-based model
We have build a new social network model, termed Interaction-based model (IB), based on the
fact that everyday interactions keep ties between us. The interactions between individuals cause
that new connections are established or the strength of connections change. More interactions
happen between two persons, more is this relation important for them on daily basis. The
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interactions could be positive or negative and they appear as described in previous section.
These interactions have a strong influence on how individuals will perceive their relations. More
often the interaction between two persons is positive. The more friendly their relation, the
stronger their connection. Negative interactions between friends make their friendship weaker
until the connection breaks or becomes negative.

Algorithm 1 Interaction-Based model
while not EndingCondition() do

for each vertex i do
GlobalInteractions(i,MG)
LocalInteractions(i,ML)

end for
Evaporation(E)

end while

Algorithm 2 GlobalInteractions(i,M)
for M times do

choose u with probability d(u)+1
∑v∈V (G) d(v)+N

wiu = wiu +δ with probability pG
otherwise wiu = wiu−δ

end for

According to balance theory (Heider, 1946), interactions between individuals in triads tend
to be balanced and the relations as they are, are the results of balanced interactions between
them. It seems that the interactions between people who are connected with stronger ties are
more often, being them positive or negative. There are some connections between persons
which are not strong, but does not seem to be affected by anything. These are usually weak
ties between persons from different communities (Granovetter, 1973). We model the network
growth by simulating interactions between individuals in dyads (global interactions) and triads
(local interactions), see Algorithm 1.

With interactions in dyads we simulate interactions that happen between persons which
have the same interests and their interaction is the result of the common interest: e.g., attending
the same language course, see Algorithm 2. These interactions are independent from the local
knowledge, what means they can happen between some acquaintances or between complete
strangers. However, the persons with more acquaintances have higher ability to interact and
make new connections than others.

Using interactions in triads, we simulate interactions that are influenced by the knowledge
of local network of a given individual i ∈V (G), see Algorithm 3. The interactions happen more
likely between individuals whose absolute value of weights of their connections are higher. In
these triads usually at least two persons know each other.

In addition, people tend to forget and if there are no interactions, the connections loose their
strength; being positive or negative. This is done by the function Evaporation() described by
Algorithm 4. Algorithm 1 ends after t time steps.
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Algorithm 3 LocalInteractions(i,M)
for M times do

//choose i’s neighbor j
if N(i)! = null then

choose j ∈ N(i) with probability pi j =
|wi j|

si
, where

si = ∑l∈N(i) |wil|
else

j is chosen at random
end if
//choose j’s neighbor k
if |N( j)|> 1 then

choose k ∈ N( j)\{i} with probability p jk =
|w jk|

s j−|wi j|
else

k is chosen at random
end if
for edges e = i j, jk do

we = we +δ with probability pL
otherwise we = we−δ

end for
according to balance theory wik = wik±δ

end for

Algorithm 4 Evaporation(E)
for each edge e ∈ E do

if we > 0 then
we− ε

else
we + ε

end if
end for

We consider a fixed size network of N vertices. At every time step each vertex establishes
MG new interactions using the preferential random interaction rule. The probability of choosing
a particular vertex increases with the vertex degree value. The weight of connection is increased
by δ with probability pG and decreased otherwise.

Further, at each time step, weighted local search for new acquaintances for each vertex
is repeated ML times, see Figure 5.2. The vertex i chooses its neighbor j with probability
|wi j|/si, where wi j is the weight of the edge between vertices i and j, and si = ∑ j∈N(i) |wi j| is
the strength of i. The weight wi j is increased for δ with probability pL and it is decreased for
δ with probability 1− pL. If the chosen vertex j has other neighbors besides i, it chooses out
of them a vertex k with probability |w jk|/(s j−|wi j|). Similarly as before, w jk is increased for
δ with probability pL and it is decreased for δ with probability 1− pL. According to balance
theory, the link between i and k is established or reinforced by positive or negative amount of δ .
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If vertices i or j has no neighbors, they create a connection to a random chosen vertex, where
the connection is positive with probability pL and negative otherwise.

Figure 5.3: The influence of parameter ML on IB model network formation: a) number of edges
|E| and number of positive edges |E+|, b) clustering coefficient c, c) diameter d, d) number of
triangles ∆ and number of balanced triangles ∆B. The results are averaged over 50 realizations
for N = 1000 networks.

After each time step the absolute values of the weights on edges are decreased by some
amount ε . Thus, if the weight is positive, then it is reduced by ε , and if the weight is negative,
then the weight is increased by ε . The weights of edges loose their strength in a similar way as
the pheromone amount on ant’s trails evaporate.

5.5 The model evaluation
The proposed IB model is studied by simulations that start from an empty graph on N vertices.
The model was tested for networks of order N = 1000 and different parameter values of ML,
MG, ε , pL, pG, and t. For each set of parameters we did 50 runs and calculated the average of
networks properties.

Figure 5.3 shows the influence of parameter ML on the network formation at ε = 0.5δ , pL =
0.6, pG = 0.9, t = 150 and different MG parameter values. The number of edges slowly increases
with the number of repeated weighted local search for new acquaintances ML, see Figure 5.3a.
As ML increases, the clustering coefficient also increases, see Figure 5.3b. Eventually its value
starts to decrease. This trend is very clear in the case MG = 0, but is also expected to the lower
extent at higher values of ML in cases MG = 1 and MG = 5. At the point when the slope of
the curve becomes negative, we can expect that certain edges are reinforced so much that new
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Figure 5.4: The influence of parameter MG on IB model network formation: a) number of edges
|E| and number of positive edges |E+|, b) clustering coefficient c, c) diameter d and average
path length l, d) number of triangles ∆ and number of balanced triangles ∆B. The results are
averaged over 50 realizations for N = 1000 networks.

edges and edges with smaller absolute value of weight have low probability to be chosen. The
diameter does not change significantly with ML at MG = 1 and MG = 5, while its dynamics
is more unpredictable at MG = 0, i.e., in case with no global interactions (Figure 5.3c). In this
case it reaches its minimum at ML = 3. The number of triangles and balanced triangles increases
with ML almost linearly, see Figure 5.3d.

In Figure 5.4 it is shown the influence of parameter MG on the network formation at ε =
0.5δ , pL = 0.6, pG = 0.9, t = 150 and different ML parameter values. The number of edges
and the number of positive edges increase linearly with MG, see Figure 5.4a, while the number
of triangles and the number of balanced triangles growth is superlinear, see Figure 5.4d. The
clustering coefficient (Figure 5.4b) decreases until it stabilizes. The diameter d and average
path length l decrease while MG increases, see Figure 5.4c.

MG has larger influence on the number of edges than ML. With global interactions a lot
of new connections are established while with local interactions mostly old connections are
reinforced, see Figure 5.3 and 5.4.

Figure 5.5 shows the influence of parameter ε on the network formation at pL = 0.6, pG =
0.9, t = 150, ML = 5, and MG = 1 parameter values. As expected, the ε has large influence on
the number of edges and the number of triangles in the network (Figures 5.5a and 5.5d). The
number of edges and triangles fall down rapidly as the ε increases from 0.1 to 0.6. At larger
values of ε , the decrease of number of edges and number of triangles stabilize. Notice the
threshold ε = 0.5, this is the point where the impact of local interactions become larger than the
impact of global interactions. As the result, the clustering coefficient and the diameter become
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Figure 5.5: The influence of parameter ε on IB model network formation: a) number of edges
|E| and number of positive edges |E+|, b) clustering coefficient c, c) diameter d and average
path length l, d) number of triangles ∆ and number of balanced triangles ∆B. The results are
averaged over 50 realizations for N = 1000 networks.

significantly larger, see Figures 5.5b and 5.5c.
Figure 5.6 shows the influence of parameter pL on the network formation at ε = 0.5δ , t =

150, ML = 5, MG = 1 and different pG parameter values. The results show that while we change
parameter pL, different values pG = 0.6 and pG = 0.9 do not influence much on the network
properties except on the number of positive edges. The network formation behavior at different
pL values show an interesting hop at pL = 0.5. This is the case when the local interactions
are with equal probability positive or negative. Indicated are increase of the number of edges
(Figure 5.6a) and decreases of the clustering coefficient and the diameter values (Figures 5.6b
and 5.6c).

In Figure 5.7 it is shown the influence of time steps t on the network formation at pL = 0.6,
pG = 0.9, ε = 0.5δ , ML = 5, and MG = 1 parameter values. In 500 time steps the model comes
into mature phase, this is the state when the number of edges does not change significantly, see
Figure 5.7a. Figure 5.7 shows that at that time also internal dynamics of network formation
stabilize, i.e., number of positive edges, clustering coefficient, diameter, average path length,
number of triangles, and number of balanced triangles do not change significantly.

In addition, we tested the model on N ∈ {100,200,500, 1000,2000,5000,10000} vertices
at t = 150. In Figure 5.8 it is shown how network properties change with the number of vertices.
The parameters were set to pL = 0.6, pG = 0.9, ε = 0.5δ , t = 150, ML = 5, and MG = 1. The
number of edges, the number of positive edges, the number of triangles, and the number of
balanced triangles grow linearly with the number of vertices, see Figures 5.8a and 5.8d. The
clustering coefficient at network order N = 2000 stabilizes at value c = 0.27, see Figure 5.8b.
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Figure 5.6: The influence of parameter pL on IB model network formation: a) number of edges
|E| and number of positive edges |E+|, b) clustering coefficient c, c) diameter d and average
path length l, d) number of triangles ∆ and number of balanced triangles ∆B. The results are
averaged over 50 realizations for N = 1000 networks.

Table 5.1: Main properties of the interaction-based model (IB) at different network order.

N |E| d l c ∆

100 374.8±14.6 4.84±0.37 2.65±0.05 0.317±0.017 250.3±23.1
200 747.3±23.5 5.34±0.47 3.08±0.05 0.293±0.011 454.7±33.3
500 1869.5±33.6 6.10±0.30 3.62±0.04 0.279±0.008 1067.2±48.6
1000 3718.5±45.5 6.96±0.20 4.04±0.03 0.274±0.005 2063.2±63.8
2000 7428.6±77.0 7.38±0.49 4.45±0.03 0.270±0.003 4064.8±95.2
5000 18586.0±87.8 8.10±0.30 4.99±0.01 0.270±0.002 10144.0±130.9
10000 37171.0±134.3 9.00±0.00 5.40±0.01 0.269±0.002 20252.0±177.7

Table 5.2: Main properties of IB model with parameters t = 150, ML = 5, MG = 1, ε = 0.4δ ,
pL = 0.6, and pG = 0.9, the real e-mail URV network, BA model and ER model.

network N |E| d l c ∆

e-mail URV 1133 5451 8 3.61 0.220 5345
BA 1133 5650 5.0±0.0 3.09±0.01 0.028±0.002 916.6±50.0
ER 1133 5450.7±79.6 5.84±0.37 3.36±0.01 0.008±0.001 147.4±13.0
IB 1133 4856.3±71.0 6.36±0.48 3.84±0.03 0.265±0.004 3059.4±98.4
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Figure 5.7: IB model properties at different time steps t: a) number of edges |E| and number
of positive edges |E+|, b) clustering coefficient c, c) diameter d and average path length l, d)
number of triangles ∆ and number of balanced triangles ∆B. The results are averaged over 50
realizations for N = 1000 networks.

The average path length (Figure 5.8c) grows proportionally to the logarithm of the number of
vertices N, which is again the small-world property (Watts and Strogatz, 1998). The degree
distributions (Figure 5.9) are slightly right skewed, and the position of the peak of the degree
distribution does not change as number of vertices grows. Clustering coefficient as a function
of vertex degree decreases gradually for all tested network orders, see Figure 5.10.

Table 5.1 shows numerical values of the tested models at pL = 0.6, pG = 0.9 ε = 0.5δ ,
t = 150, ML = 5, and MG = 1 and different network order.

Furthermore, we compared different topological properties of our interaction-based net-
works, Barabási-Albert (BA) networks, Erdös-Rényi (ER) networks and real e-mail URV net-
work (Guimerà et al., 2003). The e-mail URV is a network containing 1133 members of the
University Rovira i Virgili of Tarragona in Spain, and its edges are e-mail interchanges between
the users. We observed the average results of 50 runs of BA model, ER model and IB model
with 1133 vertices. The other parameters of IB model were set to ML = 5, MG = 1, ε = 0.4δ ,
pL = 0.6, pG = 0.9, and t = 150. We observed BA model which starts with complete graph with
five vertices and at each time step a new vertex with degree five is connected to existing ver-
tices with a probability that is proportional to their number of edges. In ER model the expected
number of edges was set to 4.8N.

Table 5.2 shows the number of edges |E|, the longest shortest path d, the average path length
l, the clustering coefficient c, and the number of triangles ∆ of tested models. The IB networks
as well as e-mail URV network clustering coefficient is rather high, while BA networks and
ER networks are not clustered. Similarly, the number of triangles in IB networks and e-mail
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Figure 5.8: IB model properties as a function of network order: a) number of edges |E| and
number of positive edges |E+|, b) clustering coefficient c, c) diameter d and average path length
l, d) number of triangles ∆ and number of balanced triangles ∆B. The results are averaged over
50 realizations for N = 1000 networks.

Figure 5.9: Degree distributions of IB model are skewed and the position of the peak of the
distribution does not change as the number of vertices grows. In order to capture the differences
between the simulated models corresponding to different graph order, the degree values are
plotted on logarithmic scale.
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Figure 5.10: Clustering coefficient of IB model as a function of vertex degree. The results are
averaged over 50 realizations for N = 1000 networks.

Figure 5.11: Degree distribution for IB model after 150 time steps with ML = 5, MG = 1,
ε = 0.4δ , pL = 0.6, and pG = 0.9. Degree distributions for the real e-mail URV network,
BA model and ER model. In order to capture the differences between the simulated models
corresponding to different time steps, the degree values are plotted on logarithmic scale.
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a) b)

Figure 5.12: An example of IB model network with 1133 vertices after 150 time steps and
parameters ML = 5, MG = 1, ε = 0.4δ , pL = 0.6, pG = 0.9. a) example network without edges.
b) example network with edges.

a) b)

Figure 5.13: a) E-mail URV network without edges. b) E-mail URV network with edges.



The model evaluation 51

URV network are much higher than the number of triangles in BA networks and ER networks.
Although the clustering coefficient of IB model is higher than the clustering coefficient of e-mail
URV network, it has lower number of triangles, what is expected as IB networks are sparser.
The values of the average path length in all tested networks are close to each other.

According to Toivonena et al. (2009) classification of social network models, IB model
falls into the category of dynamic network evolution models. The representative models of this
category are described in (Davidsen et al., 2002; Marsili et al., 2004; Kumpula et al., 2007). For
basic statistics of these models fitted to e-mail URV network see Toivonena et al. (2009).

Figure 5.12 shows an example IB network with 1133 vertices at 150 time steps and pa-
rameters ML = 5, MG = 1, ε = 0.4δ , pL = 0.6, pG = 0.9 and Figure 5.13 shows e-mail URV
network.

Summary
In this chapter we introduced a social network model, called the interaction-based (IB) model,
that involves well-known sociological principles. Heider’s theory (Heider, 1946) states that two
persons equivalently perceive their relation as friendly or unfriendly, while triadic relations are
balanced or imbalanced, depending on the number of friendly and unfriendly dyadic relations
inside them. Each relation between two persons is built by everyday interactions between them,
either positive or negative. The model is also inspired by the social behavior of animal species,
particularly the social behavior of ants in their colony. The ants put pheromone on the path
while walking from the food source to the nest. Because the pheromone are evaporable, they
slowly disappear. Similarly, ties between people become weaker if no interactions exist between
them.

Model evaluation showed that the IB model turned out to be sparse. The model has a small
diameter and an average path length that grows proportionally to the logarithm of the number
of vertices. The clustering coefficient is rather high, and its value stabilizes in larger networks.
The degree distributions are slightly right-skewed. In the mature phase of the IB model that is,
when the number of edges does not change significantly most of the network properties do not
change significantly either.

The IB model was found to be the best of all compared models in simulating the e-mail
URV network because its properties more closely matched the e-mail URV network properties
than other models.
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6 Hypercube network

The n-dimensional hypercube Qn is a (bipartite) graph with the vertex set consisting of all
binary vectors of length n, and with edges between two vertices whenever they differ in exactly
one coordinate. Hypercubes are one of the well-studied graphs with elegant properties which
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Figure 6.1: The n-dimensional hypercube Qn for n = 1,2,3.

are introduced in the beginning of this chapter. In Subsection 6.2 improvements on the upper
and lower bounds of the queue-number of the hypercube are presented. In Subsection 6.3
new results on the independent Hamiltonian paths in hypercubes and independent Hamiltonian
cycles in faulty hypercubes are presented and proved.

6.1 Hypercube properties
The order of n-dimensional hypercube Qn is 2n and each vertex of Qn is incident to exactly n
edges, i.e. Qn is n-regular. Thus its size is n2n−1. Clearly, every hypercube is a bipartite graph.
The distance between two vertices is the number of coordinates in which they differ. Clearly,
the diameter d(Qn) = n and it is easy to see that

W (Qn) = n22n−2.

The average path length of the Qn is

µ(Qn) =
n2n−1

2n−1

and it approaches n/2 as n increases. From the inductive construction follows that for n ≥
2, Qn has more than 22n−2

perfect matchings. The connectivity κ is the minimum number
of vertices which need to be removed to disconnect the remaining vertices from each other.
Similarly, the edge connectivity λ is the smallest number of edges whose total removal renders
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a) b) c)

d)

Figure 6.2: All possible relations between two edges in a fixed vertex ordering: a) nested, b)
separated, c) crossing, d) incident.

the graph disconnected. In general, the connectivity of a graph G is less than or equal to its
edge connectivity and both are less than or equal to the minimum degree of G (Diestel, 2005),
i.e. κ(G)≤ λ (G)≤ δ (G). Thus, κ(Qn) = λ (Qn) = n.

It is well known that Qn is Hamiltonian for n > 1. There exists a bijective correspondence
between the set of n-bit Gray codes, which play an important role in error correction, and the set
of Hamiltonian cycles in the hypercube Qn. n-bit Gray code is an ordering of 2n binary numbers
such that only one bit changes from one number to the next.

Hypercubes are one of the most studied networks and their applications can be found in
mathematics, science and engineering. In the following section let us see some results on the
upper and lower bounds of the queue-number of the hypercube which details and proofs can be
found in (Gregor et al., 2012).

6.2 On the queue-number of the hypercube
For a linear ordering σ : V (G) → {1,2, . . . , |V (G)|}, two edges uv,xy ∈ E(G) are nested if
σ(u) < σ(x) < σ(y) < σ(v), see Figure 6.2. A set S ⊆ E(G) is a queue if no two of its edges
are nested. A k-queue layout of a graph G is a pair of a linear ordering σ of V (G) and a partition
of E(G) into k queues. A queue-number qn(G) of a graph G is the minimum k such that G has
a k-queue layout.

Queue layouts were first introduced by Heath et al. (1992) and Heath and Rosenberg (1992).
This concept is analogous to the concept of stack layouts, also known as book embeddings, in
which no two edges in the same set are allowed to cross. Applications of queue layouts include
sorting permutations, parallel process scheduling, matrix computations, graph drawings, and
queue-based computers. See Canedo et al. (2009); Dujmović and Wood (2004); Pemmaraju
(1992) for a comprehensive list of references.

Heath and Rosenberg (1992) showed that the n-dimensional hypercube Qn has a layout into
n−1 queues, that is qn(Qn)≤ n−1, for all n≥ 2. Hasunuma and Hirota (2007) improved it to
qn(Qn)≤ n−2 for all n≥ 5. Subsequently, Pai et al. (2008) showed that the same upper bound
holds also for n = 4. Recently, Pai et al. (2010) further decreased it to qn(Qn) ≤ n− 3 for all
n≥ 8. On the other hand, Heath and Rosenberg (1992) showed that the queue-number of every
graph is larger than half of its density. In particular, for hypercubes it follows that qn(Qn)> n/4
Pai et al. (2010).

We show that Qn has a layout into n−blog2 nc queues for all n ≥ 1. This is a first non-
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constant improvement. As a corollary, we obtain also an improved upper bound on the queue-
number of 2k-ary hypercubes. Furthermore, we improve also the lower bound by showing
that for every ε > 0 every queue layout of Qn has more (1

2 − ε)n−O(1/ε) queues, and in
particular, more than (n− 2)/3 queues. For the lower bound we employ a new technique of
in-out representations and contractions which may be of independent interest.

Upper bound

Heath et al. (1992) noticed that qn(G�Qk) ≤ qn(G)+ k for every graph G and k ≥ 1, where
� denotes the Cartesian product. The key idea in our improvement is that a queue layout of
G�Qk for k ≥ 2 can be constructed (with the same additional cost of k queues) from a queue
layout of G−A for every set A of k−1 independent vertices of G. More precisely, the vertices
of A and all incident edges are ‘inserted’ in the previous known layout of (G−A)�Qk into
qn(G−A)+ k queues.

Lemma 6.1. Let A be an independent set of vertices in a graph G and k = |A|+1≥ 2. Then,

qn(G�Qk)≤ qn(G−A)+ k.

Applying the above lemma for G = Qn where n = 2d−1 + d + 1 and for one bipartite class
of Qn as the set A, we obtain a special case of the following theorem. The general case follows
from a concept of strict queue-layouts introduced by Wood (2005).

Theorem 6.1. For all n≥ 3 it holds

qn(Qn)≤ n−dlog2(n−dlog2(n−1)e)e .
Theorem 6.1 attains all previously by Pai et al. (2010) known bounds for 3≤ n≤ 12 except

qn(Q4)= 2, see Pai et al. (2008). For n≥ 13 we obtain better layouts. Altogether, the previously
known and new results can be simplified as follows.

Corollary 6.1. For all n≥ 1 it holds

qn(Qn)≤ n−blog2 nc .
Moreover, from Theorem 6.1 we obtain better queue layouts also for 2k-ary hypercubes than

were previously known, see Pai et al. (2009).

Corollary 6.2. For all n≥ 1 it holds

qn(Q2k
n )≤

{
2n−blog2 nc−1 if k = 2,
2n−blog2 nc if k ≥ 3.

Lower bound

We use concepts of rainbows and midpoints (Heath and Rosenberg, 1992; Dujmović and Wood,
2004) for establishing lower bounds on queue-numbers. Let σ : V (G)→ {1,2, . . . , |V (G)|} be
a fixed vertex ordering of a graph G. A k-rainbow is a matching {uivi ∈ E(G); 1≤ i≤ k} such
that σ(u1)< σ(u2)< · · ·< σ(uk)< σ(vk)< σ(vk−1)< · · ·< σ(v1).

Heath and Rosenberg (1992) and then Dujmović and Wood (2004) in a simpler argument
showed that the size of a largest rainbow determines the number of queues in a queue layout of
G with the ordering σ .
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Figure 6.3: An example of the new technique of in-out representations and contractions: a)
An example of an ordering σ of Q3, b) the linear layout of Q3 with respect to σ , c) the in-out
representation Q′3 and σ ′, d) the contraction Q∗3. The colors distinguish edges from distinct out
vertices.

Lemma 6.2 (Heath and Rosenberg (1992)). The vertex ordering σ admits a k-queue layout of
G if and only if it has no (k+1)-rainbow.

The midpoint of an edge uv is (σ(u)+σ(v))/2. As Dujmović and Wood (2004) observed, if
k distinct edges share the same midpoint, they form a k-rainbow. Since the number of midpoints
in any queue-layout of Qn is 2n+1− 3 and the number of edges is n2n−1, there is a rainbow of
size more than n/4, and consequently qn(Qn)> n/4, see Pai et al. (2010).

Our improvement is based on two tools. The first tool is the following representation of a
linear layout of the graph G which is equivalent to the original representation regarding nesting
of edges. Let G′ denote the graph obtained from G by replacing every vertex u with a pair of
vertices uin, uout, and every edge uv with the edge uoutvin if σ(u) < σ(v). Furthermore, let σ ′

be the vertex ordering of G′ given by σ ′(uout) = σ(u) and σ ′(uin) = σ(u)+ |V (G)| for every
u ∈V (G). We say that the pair (G′,σ ′) is an in-out representation of (G,σ). See Figure 6.3(a)-
(c) for an illustration.

Observation 6.1. Two edges of G are nested (with respect to σ ) if and only if their correspond-
ing edges of G′ are nested (with respect to σ ′).

The second tool is a contraction of consecutive vertices. Let G∗ be a multigraph obtained
by contractions of some pairwise-disjoint sets of consecutive vertices of G. Here consecutive
means with respect to the ordering σ . Furthermore, let σ∗ be the vertex ordering of G∗ inherited
from σ . See Figure 6.3(d) for an illustration.

Observation 6.2. If G∗ contains a k-rainbow (with respect to σ∗), then G contains a k-rainbow
(with respect to σ ).

To improve the lower bound, the key idea is to contract large number of consecutive vertices
in order to decrease the number of midpoints, but at the same time, to have only a small number
of multiple edges. When we contract pairwise-disjoint pairs of consecutive out-vertices, we
obtain the following preliminary lower bound.
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Property 6.1. For every n≥ 1 it holds

qn(Qn)> (n−2)/3.

We further extend the above approach by contracting more vertices together instead of pairs.
We define a multiplicity index of a vertex v in a multigraph G to be the number of edges incident
with v minus the number of neighbors of v. A multiplicity index m(S) of a set S of vertices is
defined as the multiplicity index of the vertex obtained by contraction of S.

Lemma 6.3. For every d ≥ 2, n≥ 1, and every d-set S of vertices in Qn it holds m(S)≤ 2
(d

2

)
.

As the upper bound on m(S) in Lemma 6.3 does not depend on n, we can define c(d) to be
the maximal multiplicity index of a d-set S of vertices of Qn (where n is large). Now we employ
the idea of contracting every d consecutive out-vertices together.

Lemma 6.4. Let σ be a vertex ordering of Qn and d = 2k, 1< k < n. Then σ contains a rainbow
larger than dn−2c(d)

2d+2 .

Since c(d) is bounded independently on n by Lemma 6.3, from Lemmas 6.2 and 6.4 we
obtain the following improvement. It shows that we can get arbitrarily close to the factor 1/2
instead of 1/3 in Proposition 6.1.

Theorem 6.2. For every ε > 0 it holds

qn(Qn)>

(
1
2
− ε

)
n−O(1/ε).

6.3 Faulty hypercubes
An underlying topology of parallel computer/network is often modeled as an undirected graph
in which the vertices correspond to processors and the edges correspond to communication links
between the processors. Graphs which represent topological structure of proposed interconnec-
tion networks are required to posses elegant properties such as small degree and diameter, high
connectivity, recursive structure, symmetry, etc. Moreover, one of the major concerns of the
design of the interconnection network is its robustness, i.e. tolerance to the occurrence of faults.
Failures could happen in hardware, software or even because of lost transmitted messages. In
this chapter we study a fault tolerance of the hypercube, one of the well-studied architectures
which has all above mentioned properties (Leighton, 1992; Hsu and Lin, 2009). It has been used
for the design of real parallel computers/networks (Haysen et al., 1986; Chang et al., 2006).

Connection failures in computer network correspond to faulty edges in the underlying graph.
It is important that network stays highly connected even if several connection failures appear.
For this reason, robustness (fault-tolerance) of the hypercube with arbitrarily faulty edges is
studied. The results presented in this section are published in Vukašinović et al. (2013).

In this chapter, n always denotes a positive integer and [n] denotes the set {1,2, . . . ,n}.
Further, we say that two Hamiltonian paths P1 = (u1,u2, . . . ,um) and P2 = (v1,v2, . . . ,vm) of
G are independent if ui 6= vi for all i ∈ [m]. A set S of Hamiltonian paths of G is mutually
independent if every two paths from S are independent.
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We say that the cycle C = (v1,v2, . . . ,vk) is v1-starting to emphasize the first vertex v1 and
we denote it by C[v1]. A cycle C in a graph G is Hamiltonian, if it contains all vertices of G.
Two v-starting Hamiltonian cycles C1 = (v,u2, . . . ,um) and C2 = (v,v2, . . . ,vm) are independent
if vi 6= ui for all 2≤ i≤m. A set S of v-starting Hamiltonian cycles of G is mutually independent
if every two cycles from S are independent. A study of mutually-independent Hamiltonian
cycles and paths is motivated by the problem of transferring different pieces of a given message
from one vertex to all recipients simultaneously such that they never meet in the same vertex.
The problem of Hamiltonian cycles (paths) is one of the classical problems in graph theory.
Hamiltonian cycles in the hypercube correspond to so called Gray codes. Moreover, they may
be used for highly-organized communication in the network.

Sun et al. (2005) proved that for any vertex s, the n-dimensional hypercube Qn contains n−1
mutually-independent s-starting Hamiltonian cycles if n = 2,3; and n mutually-independent s-
starting Hamiltonian cycles if n≥ 4. They also proved that for any set of n−1 distinct pairs of
adjacent vertices, Qn contains n−1 mutually-independent Hamiltonian paths with these pairs of
vertices as end-vertices. Hsieh and Yu (2007) claimed that the n-dimensional hypercube Qn with
at most f ≤ n− 2 faulty edges contains a set of n− 1− f mutually-independent Hamiltonian
paths and a set of n−1− f mutually-independent s-starting Hamiltonian cycles for any vertex
s. However, Kueng et al. (2009) noticed a flaw in their proof and published the correction.
Hsieh and Weng (2009) proved that for n≥ 3, Qn with at most f ≤ n−2 faulty edges contains a
set of n−1− f mutually-independent Hamiltonian paths between any two vertices of different
parity. Shih et al. (2010) studied mutually-independent paths of different length in Qn. Recently,
mutually-independent Hamiltonian cycles have been studied in alternating group graphs (Su
et al., 2012).

In this section, we improve previous known results by showing that Qn for every n≥ 2 con-
tains n mutually-independent Hamiltonian paths whose end-vertices form a prescribed match-
ing, see Theorem 6.7. We also prove that Qn for every n ≥ 4 and for every set of at most
f ≤ n− 2 faulty edges contains n− f mutually independent s-starting Hamiltonian cycles for
any vertex s, see Theorem 6.8. This is an optimal result since s may be incident with f faulty
edges.

6.3.1 Preliminaries
In this section we define notations and summarize previously known results that we use.

The distance of two edges e1,e2 ∈ E(G) is the minimal distance between a vertex of e1 and
a vertex of e2. Let us say that the edge viv j ∈ E(G) is directed, if we fix the order of its vertices
by (vi,v j). We say that a cycle C = (v1,v2, . . . ,vk) is directed if vivi+1 are directed edges in C
for all i ∈ [k] (where vk+1 = v1).

Let Qn be the n-dimensional hypercube. For a vertex v ∈ V (Qn), let vi be the neighbor of
v that differs from v exactly in the i-th coordinate. We say that the edge vvi is i-directional.
Furthermore, for an edge e = uv we denote ei = uivi. The antipodal vertex to a vertex v differs
from v in all coordinates, and is denoted by v. Note that the hypercube Qn is an n-regular graph
with 2n vertices.

Two vertices of Qn are of the same parity if both of them have even (odd) number of 1’s. We
say the vertex is white (black) if it has even (odd) number of 1’s. Note that vertices of each parity
form bipartite classes of Qn. Consequently, u and v have the same parity if and only if d(u,v) is
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even. We say that the edges uiui+1 and u ju j+1 of a directed path or cycle (u1,u2, . . . ,un) have
the same parity if ui and u j are of the same parity; that is, i− j ≡ 0(mod 2).

For d ∈ [n] and i ∈ {0,1} let Qd;i
n−1 be the subgraph of Qn induced by the vertices with i

on the d-th coordinate. Notice that Qd;i
n−1 is isomorphic to Qn−1. In other words, by removing

all edges of the direction d, the hypercube Qn splits into two (induced) subgraphs Qd;0
n−1, Qd;1

n−1
isomorphic to Qn−1. We say that Qn is split along the direction d into subcubes Qd;0

n−1 and Qd;1
n−1.

Let us write Qi
n−1 instead of Qd;i

n−1 if the direction d is clear from the context. It is clear that for
every v ∈V (Qn) and some i ∈ {0,1}, Qi

n−1 contains one neighbor of the vertex v and the Q1−i
n−1

contains the vertex v and all the other neighbors of the vertex v.
Furthermore, we generalize the splitting as follows. For {d1,d2, . . . ,dp} ⊆ [n] and

(i1, i2, . . . , ip) ∈ {0,1}p let Q(d1,d2,...,dp);(i1,i2,...,ip)
n−p be the subgraph of Qn induced by all the ver-

tices whose d1-th, d2-th, . . . ,dp-th coordinate equals to i1, i2, . . . , ip, respectively. Let us write

simply Qi1i2···ip
n−p for Q(d1,d2,...,dp);(i1,i2,...,ip)

n−p when (d1,d2, . . . ,dp) is clear from the context.
Recall that the cartesian product G�H of two graphs G and H is the graph with the vertex

set
V (G�H) = {(u,v); u ∈V (G),v ∈V (H)},

and the edge set

E(G�H) = {(u1,v1)(u2,v2); u1u2 ∈ E(G) and v1 = v2, or u1 = u2 and v1v2 ∈ E(H)}.

Note that Qn�Qm is isomorphic to Qn+m. For u ∈V (Qn) and v ∈V (Qm) let (u,v) represent the
vertex of Qn+m with u on the first n coordinates and v on the last m coordinates.
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vertices whose d1-th, d2-th, . . . , dp-th coordinate equals to i1, i2, . . . , ip, respectively. Let us

write simply Q
i1i2···ip
n−p for Q

(d1,d2,...,dp);(i1,i2,...,ip)
n−p when (d1, d2, . . . , dp) is clear from the context.

The cartesian product G � H of two graphs G and H is the graph with the vertex set

V (G � H) = {(u, v); u ∈ V (G), v ∈ V (H)},

and the edge set

E(G � H) = {(u1, v1)(u2, v2); u1u2 ∈ E(G) and v1 = v2, or u1 = u2 and v1v2 ∈ E(H)}.

Note that Qn �Qm is isomorphic to Qn+m. For u ∈ V (Qn) and v ∈ V (Qm) let (u, v) repre-
sent the vertex of Qn+m with u on the first n coordinates and v on the last m coordinates.
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Figure 1: The directed zigzag Hamiltonian cycle Z(R, d) and the directed zigzag Hamilto-
nian cycle W (R, d) of Qn.

Now we define a useful concept of zigzag paths and cycles. Let R = (u1, u2, . . . , u2n−1)
be a directed Hamiltonian path (cycle) in Qd;i

n−1 for some i ∈ {0, 1} and d ∈ [n]. Then, we
say that

Z(R, d) = (u1, u
d
1, u

d
2, u2, . . . , u

d
2n−1 , u2n−1)

and

W (R, d) = (ud
1, u1, u2, u

d
2, . . . , u2n−1 , ud

2n−1)

are directed zigzag Hamiltonian paths (cycles) in Qn. See Figure 1 for an illustration.
Zigzag cycles have the following property.

Proposition 1. Let R = (u1, . . . , u2n−1) be a Hamiltonian cycle in Qd:i
n−1 for some d ∈ [n]

and b ∈ {0, 1}. Then for every distinct 0 ≤ i, j < 2n−2, the subpaths P1[u2i+1, u2i] and
P2[u2j+1, u

d
2j+1] of Z(R, d) and W (R, d), respectively, are independent Hamiltonian paths

in Qn.

Figure 6.4: The directed zigzag Hamiltonian cycle Z(R,d) and the directed zigzag Hamiltonian
cycle W (R,d) of Qn.

Now we define a useful concept of zigzag paths and cycles. Let R = (u1,u2, . . . ,u2n−1) be a
directed Hamiltonian path (cycle) in Qd;i

n−1 for some i ∈ {0,1} and d ∈ [n]. Then, we say that

Z(R,d) = (u1,ud
1,u

d
2,u2, . . . ,ud

2n−1,u2n−1)
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and
W (R,d) = (ud

1,u1,u2,ud
2, . . . ,u2n−1 ,ud

2n−1)

are directed zigzag Hamiltonian paths (cycles) in Qn. See Figure 6.4 for an illustration. Zigzag
cycles have the following property.

Proposition 6.1. Let R = (u1, . . . ,u2n−1) be a Hamiltonian cycle in Qd:b
n−1 for some d ∈ [n]

and b ∈ {0,1}. Then for every distinct 0 ≤ i, j < 2n−2, the subpaths P1[u2i+1,u2i] and
P2[u2 j+1,ud

2 j+1] of Z(R,d) and W (R,d), respectively, are independent Hamiltonian paths in
Qn.

Proof. By the definition of Z(R,d) and W (R,d), we have

P1[u2i+1,u2i] = (u2i+1,ud
2i+1,u

d
2i+2,u2i+2,u2i+3, . . . ,ud

2i,u2i),

P2[u2 j+1,ud
2 j+1] = (u2 j+1,u2 j+2,ud

2 j+2,u
d
2 j+3,u2 j+3, . . . ,ud

2 j,u
d
2 j+1),

where the indices are taken cyclically; that is, u2n−1+1 = u1. Observe that the k-th vertices,
1 ≤ k ≤ 2n, of P1 and P2 are in distinct subcubes if k is even. If k ≡ 1(mod 3), they are in the
form of u2i+s and u2 j+s for some s. If k ≡ 0(mod 3), they are in the form ud

2i+s and ud
2 j+s for

some s. Thus, since i and j are distinct, the k-th vertices of P1 and P2 are distinct for every
1≤ k ≤ 2n.

Now, we list the results that we need. It is well known that the hypercube Qn is Hamiltonian
for every n ≥ 2. It is also Hamiltonian laceable (Havel, 1984); that is, there is a Hamiltonian
path between every two vertices of opposite parity. Even if some faulty edges appear in Qn, the
hypercube Qn stays Hamiltonian laceable.

Proposition 6.2 (Tsai et al. (2002)). Let F ⊆ E(Qn), n≥ 2 and |F | ≤ n−2. Then, there exists
a Hamiltonian path in Qn−F between every two vertices of opposite parity.

We also need several basic results on Hamiltonian cycles and paths in the hypercube with
some removed vertices. The following proposition describes the case of one removed vertex.

Proposition 6.3 (Lewinter and Widulski (1997)). For n ≥ 2 and every three distinct vertices
u1,u2,v ∈V (Qn) such that u1,u2 have the same parity opposite to the parity of v ∈V (Qn), the
graph Qn−{v} has a Hamiltonian u1u2-path P.

A similar result holds for the case of two removed vertices.

Proposition 6.4 (Sun et al. (2005)). The graph Qn−{u,v}, n ≥ 4 is Hamiltonian laceable for
every two vertices u and v of opposite parity.

Kreweras (1996) conjectured that every perfect matching of the hypercube Qn, where n≥ 2,
can be extended to a Hamiltonian cycle. Fink (2007) affirmatively answered this conjecture by
proving a stronger result for the complete graph on the vertices of Qn, denoted by K(Qn).

Theorem 6.3 (Fink (2007)). For every perfect matching M of K(Qn) where n ≥ 2, there exists
a perfect matching N of Qn such that M∪N forms a Hamiltonian cycle of K(Qn).
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We say that k edges e1,e2, . . . ,ek ∈ E(Qn) are rigid if they have distinct directions. Note that
necessarily k ≤ n. For a set S of edges of Qn, we say that S saturates a vertex v if some edge of
S is incident with the vertex v. Otherwise, v is said to be unsaturated by S. Furthermore, we say
that a vertex v of Qn is blocked by S if all neighbors of v are saturated by S and v is not saturated
by S.

Theorem 6.4 (Limaye and Sarvate (1997)). If a matching M ⊆ E(Qn) of size n ≥ 2 does not
extend to a perfect matching in Qn, then there is an unsaturated vertex v whose neighborhood
is saturated by M.

The previous results on mutually-independent Hamiltonian paths and cycles in the hyper-
cube are as follows.

Theorem 6.5 (Sun et al. (2005)). For any s∈V (Qn), the hypercube Qn contains n−1 mutually-
independent s-starting Hamiltonian cycles if 2≤ n≤ 3, and n mutually-independent s-starting
Hamiltonian cycles if n≥ 4.

Lemma 6.5 (Sun et al. (2005)). Let w1,w2, . . . ,wn−1 be vertices of the same parity in Qn, n≥ 2
and let {w1b1,w2b2, . . . ,wn−1bn−1} ⊆ E(Qn) be a matching in Qn. Then, Qn contains n− 1
mutually-independent Hamiltonian paths P1[w1,b1],P2[w2,b2], . . . ,Pn−1[wn−1,bn−1].

Lemma 6.6 (Kueng et al. (2009)). Let F ⊆ E(Qn), n ≥ 3, f = |F | ≤ n− 2 and w1,w2, . . . ,wk
be vertices of the same parity in Qn, k ≤ n− 1− f . Let {w1b1,w2b2, . . . ,wkbk} ⊆ E(Qn)
be a matching in Qn. Then, Qn − F contains k mutually-independent Hamiltonian paths
P1[w1,b1],P2[w2,b2], . . . ,Pk[wk,bk].

We use Theorem 6.4, Theorem 6.5 and Lemma 6.5 to improve the result by Kueng et al.
stated in Theorem 6.6. In the next section, we prove Theorem 6.7 which is improvement of
Lemma 6.5 then we apply it in Section 6.3.3 (Theorem 6.8) to improve the following result.

Theorem 6.6 (Kueng et al. (2009)). Let F ⊆ E(Qn), n ≥ 4, f = |F | ≤ n− 2, and s ∈ V (Qn).
Then, Qn−F has n−1− f mutually independent s-starting Hamiltonian cycles.

6.3.2 Independent Hamiltonian paths in hypercubes
We start with an improvement in a special case that follows from Theorem 6.3.

Lemma 6.7. Let w1,w2, . . . ,wk be vertices of the same parity in Qn, n ≥ 2. If
w1b1,w2b2, . . . ,wkbk are edges of a perfect matching M of Qn, then Qn has k mutually-
independent Hamiltonian paths P1[w1,b1],P2[w2,b2], . . . ,Pk[wk,bk].

Proof. By Theorem 6.3, there is a Hamiltonian cycle C containing the edges
w1b1,w2b2, . . . ,wkbk. Moreover, edges w1b1,w2b2, . . . , wkbk have the same parity on C
as they are included in the perfect matching M. If we disconnect the cycle C between
vertices wi and bi, we obtain a Hamiltonian path Pi[wi,bi] of Qn. As P1,P2, . . . ,Pk ⊂ C and
w1b1,w2b2, . . . ,wkbk have the same parity on C, Pi and Pj are independent for every distinct
i, j ∈ [k].

We need the next proposition to prove Theorem 6.7.
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Proposition 6.5. Let Pi be a set of mutually-independent Hamiltonian paths in Qd;i
n−1 for i= 0,1

and some direction d. Then, the set {Z(P,d);P ∈ P0 ∪P1} is a set of mutually-independent
Hamiltonian paths in Qn.

Proof. Let P1,P2 ∈P0. Then, observe that Z(P1,d), Z(P2,d) are mutually-independent Hamil-
tonian paths in Qn. Indeed, since every t-th vertex v of P1 and t-th vertex u of P2 are distinct, we
infer that vd and ud are distinct and so Z(P1,d) and Z(P2,d) are independent in Qn. A similar
argument holds if P1,P2 ∈P1.

Now, let Pi ∈Pi for i = 0,1. Then, the claim obviously holds as t-th vertices of Z(P0,d) and
Z(P1,d) are in distinct parts Qd;0

n−1 and Qd;1
n−1 for all t ∈ [2n].

The following theorem improves Lemma 6.5 by one additional independent Hamiltonian
path.

Theorem 6.7. Let w1,w2, . . . ,wn be vertices of the same parity in Qn and let M = {w1b1,
w2b2, . . . ,wnbn} ⊆ E(Qn) be a matching of Qn (n ≥ 2). Then, Qn has n mutually-independent
Hamiltonian paths P1[w1,b1],P2[w2,b2], . . . ,Pn[wn,bn].

Proof. We prove that Qn contains n mutually-independent Hamiltonian paths Pi[wi,bi] for i∈ [n]
by induction on the dimension n. The base of induction for Q2 trivially holds since Q2 contains
two mutually-independent Hamiltonian paths whose first and last vertices are vertices of two
independent edges of M, respectively. Now, we assume that the statement holds for Qn−1 and
we prove it for Qn, n≥ 3. We consider three cases regarding M.

Case 1: The matching M extends to a perfect matching. Then, Qn has n mutually-independent
Hamiltonian paths by Lemma 6.7.

In the remaining two cases, we assume due to Theorem 6.4 that some vertex v is blocked by
M.

Case 2: M is not rigid. We proceed similarly as in the proof of Lemma 6.5 from Sun et al.
(2005). Since M is not rigid, there exists a direction d such that M contains no d-directional
edge. We split Qn along the direction d and we obtain two subcubes Q0

n−1 and Q1
n−1. Since there

exists v∈V (Qn) blocked by M, for some i∈ {0,1} the subcube Qi
n−1 contains one edge wkbk of

M where k ∈ [n] and the subcube Q1−i
n−1 contains all the other edges of M. For an illustration see

Figure 6.5a. By the induction hypothesis, there is one Hamiltonian path Pk[wk,bk] in Qi
n−1 and

n− 1 mutually-independent Hamiltonian paths Pl[wl,bl] in Q1−i
n−1 for l ∈ [n] \ {k}. We extend

all these Hamiltonian paths Pj to Hamiltonian zigzag paths Z(Pj,d) in Qn, which are mutually
independent by Proposition 6.5.

Case 3: M is rigid. First, in case n = 3, there is only one possibility up to isomorphism that
the vertex v is blocked by a set of three rigid edges. In this case the example of mutually-
independent Hamiltonian paths are

P1[w1,b1] = (w1,b,w3,b3,v,b2,w2,b1),
P2[w2,b2] = (w2,b1,w1,b,w3,b3,v,b2),
P3[w3,b3] = (w3,b2,v,b1,w2,b,w1,b3).

as illustrated in Figure 6.6.



Faulty hypercubes 63

v

Q1−i
n−1 Qi

n−1

v

Q1−i
n−1 Qi

n−1

a) b)

vd vk

Figure 6.5: An illustration of Cases 2 and 3 of the proof of Theorem 6.7: a) M is not rigid, b)
M is rigid.
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edges of M . For an illustration see Figure 2 (a). By the induction hypothesis, there is one
Hamiltonian path Pk[wk, bk] in Qi

n−1 and n − 1 mutually independent Hamiltonian paths
Pl[wl, bl] in Q1−i

n−1 for l ∈ [n]\{k}. We extend all these Hamiltonian paths Pj to Hamiltonian
zigzag paths Z(Pj, d) in Qn, which are mutually independent by Proposition 5.

w1

w3

w2

b1

b3

b2

b

v

(1, 3, 7) (8, 2, 4)

(4, 6, 8) (5, 7, 3)

(3, 5, 1) (6, 8, 2)

(2, 4, 6) (7, 1, 5)

Figure 3: Q3 with three mutually independent Hamiltonian paths. Each vertex u of Q3

is associated with a triple (k1, k2, k3) which says that u is the ki-th vertex in the i-th
Hamiltonian path Pi[wi, bi].

Case 3: M is rigid. First, in case n = 3, there is only one possibility up to isomorphism
that the vertex v is blocked by a set of three rigid edges. In this case the example of
mutually independent Hamiltonian paths are

P1[w1, b1] = (w1, b, w3, b3, v, b2, w2, b1),
P2[w2, b2] = (w2, b1, w1, b, w3, b3, v, b2),
P3[w3, b3] = (w3, b2, v, b1, w2, b, w1, b3).

as illustrated in Figure 3.
Suppose now n ≥ 4. We can assume bi = wi

i for every i ∈ [n] as M is a set of n rigid
edges. Our aim is the following: We split Qn along an arbitrary direction k ∈ [n] into
subcubes Q0

n−1 and Q1
n−1. Notice that one of the subcubes Q0

n−1, Q1
n−1 contains one edge

of the matching M and the other subcube contains all the remaining edges except the one
which is of direction k. For an illustration see Figure 2 (b). Without loss of generality, we
may assume that the vertex v is black and v ∈ V (Q0

n−1). Then, Q0
n−1 contains n − 2 edges

of M , and Q1
n−1 contains ej = wjbj ∈ M for some j ∈ [n] \ {k} such that wj = vk. Notice

that bk is adjacent to wj. The vertices of the edges ej, wjbk in Q1
n−1 are neighbors of the

vertices of edges ek
j , vwk in Q0

n−1, respectively. Note that the edge wk
j wk is incident with

v, as v = wk
j . See Figure 4 for an illustration.

In the rest of the proof we proceed as follows: We find an v-starting Hamiltonian
cycle C0 = (v, v2, . . . , v2n−1) of Q0

n−1 such that C0 contains M \ {ej, ek} ∪ {ek
j }, the edges

of M \ {ej, ek} have the same parity on C0 and v2 = wk, v2n−1 = wi. Then, the cycle
C = Z(C0, k) is a Hamiltonian cycle of Qn containing M . Furthermore, the edges of

M \ {ek} = {w1b1, . . . , wk−1bk−1, wk+1bk+1, . . . , wnbn}

Figure 6.6: Q3 with three mutually-independent Hamiltonian paths. Each vertex u of Q3 is
associated with a triple (k1,k2,k3) which says that u is the ki-th vertex in the i-th Hamiltonian
path Pi[wi,bi].

Now suppose n≥ 4. We can assume bi = wi
i for every i ∈ [n] as M is a set of n rigid edges.

Our aim is the following: We split Qn along an arbitrary direction k ∈ [n] into subcubes Q0
n−1

and Q1
n−1. Notice that one of the subcubes Q0

n−1, Q1
n−1 contains one edge of the matching M and

the other subcube contains all the remaining edges except the one which is of direction k. For an
illustration see Figure 6.5b. Without loss of generality, we may assume that the vertex v is black
and v ∈V (Q0

n−1). Then, Q0
n−1 contains n−2 edges of M, and Q1

n−1 contains e j = w jb j ∈M for
some j ∈ [n]\{k} such that w j = vk. Notice that bk is adjacent to w j. The vertices of the edges
e j, w jbk in Q1

n−1 are neighbors of the vertices of edges ek
j, vwk in Q0

n−1, respectively. Note that
the edge wk

jwk is incident with v, as v = wk
j. See Figure 6.7 for an illustration.

In the rest of the proof we proceed as follows: We find an v-starting Hamiltonian cycle C0 =
(v,v2, . . . ,v2n−1) of Q0

n−1 such that C0 contains M\{e j,ek}∪{ek
j}, the edges of M\{e j,ek} have

the same parity on C0 and v2 = wk, v2n−1 = wi. Then, the cycle C = Z(C0,k) is a Hamiltonian
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Figure 6.7: Two cases of finding a Hamiltonian cycle C0 of Q0
n−1 regarding whether w j

l and bi

coincide: a) The construction of a Hamiltonian cycle C0 of Q0
n−1 if w j

l 6= bi. b) The construction
of a Hamiltonian cycle C0 of Q0

n−1 if w j
l = bi. The edges of M are bold.

cycle of Qn containing M. Furthermore, the edges of

M \{ek}= {w1b1, . . . ,wk−1bk−1,wk+1bk+1, . . . ,wnbn}

have the same parity on C. Then, the paths

P1[w1,b1], . . . ,Pk−1[wk−1,bk−1],Pk+1[wk+1,bk+1], . . . ,Pn[wn,bn]

on C are mutually-independent Hamiltonian paths of Qn. Finally, for the differently directed
edge ek =wkbk on the cycle C we find a Hamiltonian path Pk[wk,bk] that is mutually independent
with all the other already constructed Hamiltonian paths of Qn.

Now, let us find an v-starting Hamiltonian cycle C0 of Q0
n−1 such that C0 contains M \

{e j,ek}∪{ek
j} and the edges of M \ {e j,ek} have the same parity on C0. Note that ek

j = wk
jb

k
j

is an j-directional edge in Q0
n−1 and it is incident with ei for some i ∈ [n] \ { j,k}. We split

Q0
n−1 along the direction j into subcubes Q00

n−2 and Q01
n−2. One of the subcubes Q00

n−2 and Q01
n−2

contains the edges of
M′ = M \{ei,e j,ek}

and the other contains the edge ei. Without loss of generality we assume Q00
n−2 contains M′ and

therefore it also contains the vertex v, see Figure 6.7. The set of edges M′ is a matching of
Q00

n−2 such that Q00
n−2 has no vertex u with neighborhood saturated by M′ since Q00

n−2 contains
n−3 edges of M′. We extend M′ to a perfect matching R of Q00

n−2 by Theorem 6.4. Note that R
contains the edge vwk. Then, we apply Theorem 6.3 and find a Hamiltonian cycle C00 of Q00

n−2
containing M′ as edges of the same parity.
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Let wl be the neighbor of the vertex v on the Hamiltonian cycle C00 other than wk. Now,
we find a Hamiltonian cycle C0 of Q0

n−1. To do so, we distinguish the following two cases
regarding whether w j

l and bi coincide.

Subcase 3.1: w j
l 6= bi. See Figure 6.7a for an illustration. By Proposition 6.3, Q01

n−2−{wi}
contains a Hamiltonian path S[w j

l ,bi]. Let P[wk,wl] be the path from wk to wl on the Hamiltonian
cycle C00 in Q00

n−2. Then, the desired v-starting Hamiltonian cycle C0 of Q0
n−1 is

C0 = (v,P,S,wi).

Subcase 3.2: w j
l = bi. See Figure 6.7b for an illustration. We choose two adjacent vertices w and

b on the Hamiltonian cycle C00 of Q00
n−2 such that wb /∈M and b is a black vertex distinct from v.

Observe that we can always choose such w and b since n≥ 4. Note that {w j,b j}∩{wi,bi}= /0.
Let P[wk,wl] be the directed path from wk to wl on the Hamiltonian cycle C00, and without
loss of generality we may assume that the vertex b follows the vertex w on the path P. Let
R1[wk,w],R2[b,wl] be the subpaths of the path P.

Subcase 3.2.1: n = 4. The v-starting Hamiltonian cycle C0 of Q0
3 is

C0 = (v,R1,w j,b j,R2,bi,wi).

Subcase 3.2.2: n = 5. Note that we could choose wb among four edges of C00 that are not
part of the matching M and are not incident with v. Observe that only one configuration of two
pairs of adjacent vertices w jb j and wibi in Q01

3 up to isomorphism is possible so that there is no
Hamiltonian path S[w j,b j] in Q01

3 −{wi,bi}. Thus, we choose wb such that this configuration
is avoided. Then, the desired v-starting Hamiltonian cycle C0 of Q0

n−1 is

C0 = (v,R1,S,R2,bi,wi).

Subcase 3.2.3: n > 5. We find a Hamiltonian path S[w j,b j] in Q01
n−2−{wi,bi} by Proposi-

tion 6.4 and the desired v-starting Hamiltonian cycle C0 of Q0
n−1 is

C0 = (v,R1,S,R2,bi,wi).

This establishes Subcase 3.2.

Finally, it remains to find a Hamiltonian path Pk[wk,bk] of Qn that is mutually independent
with already constructed Hamiltonian paths P1, . . . ,Pk−1,Pk+1, . . . ,Pn of Qn. So, let Pk be the
Hamiltonian path of Qn induced by Hamiltonian cycle W (C0,k) of Qn. The Hamiltonian path
Pr and Pk are independent for every r ∈ [n]\{k} by Proposition 6.1, as Pr are Hamiltonian paths
induced by Z(C0,k) and bk,wk and wr,br are consecutive pairs of vertices on Z(C0,k).

6.3.3 Independent Hamiltonian cycles in faulty hypercubes
The following lemma is used as a base of induction in the proof of Theorem 6.8.
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Lemma 6.8. Let F ⊆ E(Q4), f = |F | ≤ 2, s ∈ V (Q4). Then, Q4− F has 4− f mutually-
independent s-starting Hamiltonian cycles.

Proof. Since Qn is vertex transitive, we may assume that s = 0 is the starting vertex. We distin-
guish three cases regarding the number of faulty edges f .

Case 1: F = /0. It holds by Theorem 6.5.

11

Lemma 4. Let F ⊆ E(Q4), f = |F | ≤ 2, s ∈ V (Q4). Then, Q4 − F has 4 − f mutually
independent s-starting Hamiltonian cycles.

Proof. Since Qn is vertex transitive, we may assume that s = 0 is the starting vertex. We
distinguish three cases regarding the number of faulty edges f .

Case 1: F = ∅. It holds by Theorem 3.

v12v11

v15 v16

v14v13

v9 v10

(7, 5, 11)

v3v4

v8 v7

v5v6

v2 s = v1

(2, 6, 16)

(16, 2, 12)

(3, 7, 15)(6, 4, 14)

(5, 3, 13) (4, 16, 2)

(1, 1, 1)

(9, 13, 5) (8, 12, 10)

(10, 14, 4)

(13, 9, 7)(12, 8, 6)

(11, 15, 3) (14, 10, 8)

(15, 11, 9)

Figure 5: Three mutually independent s-starting Hamiltonian cycles C1, C2, C3 of Q4. Each
vertex u of Q4 is associated with a triple (k1, k2, k3) which says that u is the ki-th vertex
in the Hamiltonian cycle Ci.

Case 2: F = {e}. The proof of this case is straightforward. For the given vertex s and any
faulty edge e, we show that there exist three s-starting mutually independent Hamiltonian
cycles. Automorphisms which map vertex s to itself are called s-preserving. They can be
presented as permutations of dimensions. For example in Q4 with vertices labeled as in
the Figure 5, a mapping f(s) = s, f(v2) = v5, f(v3) = v2, f(v9) = v9 can be uniquely
extended to an automorphism of Q4 which maps f(v12) = v14.

Clearly, s-preserving automorphisms preserve distances to s. Furthermore, note that for
every two edges e, g with the same distance to s there exists an s-preserving automorphism
that maps e to g. Observe on Figure 5 that the edges sv9, v5v13, v4v12, v8v16 are at distance
0, 1, 2, 3 from the vertex s, respectively. Thus, there exists an s-preserving automorphism
of Q4 such that the faulty edge e is mapped to one of these edges. After applying such
automorphism in Q4, the s-starting mutually independent cycles are

C1 = (s, v5, v7, v3, v4, v8, v6, v14, v13, v9, v11, v15, v16, v12, v10, v2),
C2 = (s, v2, v4, v8, v6, v5, v7, v15, v16, v12, v10, v14, v13, v9, v11, v3),
C3 = (s, v3, v11, v9, v13, v15, v16, v12, v10, v14, v6, v2, v4, v8, v7, v5).

(1)

Figure 6.8: Three mutually-independent s-starting Hamiltonian cycles C1,C2,C3 of Q4. Each
vertex u of Q4 is associated with a triple (k1,k2,k3) which says that u is the ki-th vertex in the
Hamiltonian cycle Ci.

Case 2: F = {e}. The proof of this case is straightforward. For the given vertex s and any faulty
edge e, we show that there exist three s-starting mutually independent Hamiltonian cycles. Au-
tomorphisms which map vertex s to itself are called s-preserving. They can be presented as
permutations of dimensions. For example in Q4 with vertices labeled as in the Figure 6.8, a
mapping f (s) = s, f (v2) = v5, f (v3) = v2, f (v9) = v9 can be uniquely extended to an automor-
phism of Q4 which maps f (v12) = v14.

Clearly, s-preserving automorphisms preserve distances to s. Furthermore, note that for
every two edges e, g with the same distance to s there exists an s-preserving automorphism that
maps e to g. Observe on Figure 6.8 that the edges sv9, v5v13, v4v12, v8v16 are at distance 0, 1, 2,
3 from the vertex s, respectively. Thus, there exists an s-preserving automorphism of Q4 such
that the faulty edge e is mapped to one of these edges. After applying such automorphism in
Q4, the s-starting mutually independent cycles are

C1 = (s,v5,v7,v3,v4,v8,v6,v14,v13,v9,v11,v15,v16,v12,v10,v2),
C2 = (s,v2,v4,v8,v6,v5,v7,v15,v16,v12,v10,v14,v13,v9,v11,v3),
C3 = (s,v3,v11,v9,v13,v15,v16,v12,v10,v14,v6,v2,v4,v8,v7,v5).

(6.1)
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Note that they are all avoiding the edges sv9, v5v13, v4v12, v8v16. For an illustration see Fig-
ure 6.8.

Case 3: F = {e1,e2}. First, consider the following remark for Q3. There is a Hamiltonian cycle
that contains the first edge and avoids the second edge for any two edges of Q3 by Proposi-
tion 6.2. Furthermore, Q3 has two independent Hamiltonian cycles

C1 = (s,x1,y1,x2,y3, t,y2,x3),
C2 = (s,x3,y3, t,y2,x1,y1,x2)

as on Figure 6.9 and they are unique up to isomorphism. Notice that the edge y1x2 has the same
direction on both cycles. By some s-preserving automorphism of Q3, the edge y1x2 can move
to any yix j edge for i, j = 1,2,3. Similarly, y3t can move to y1t or y2t by some s-preserving
automorphism of Q3.
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Note that they are all avoiding the edges sv9, v5v13, v4v12, v8v16. For an illustration see
Figure 5.

Case 3: F = {e1, e2}. First, consider the following remark for Q3. There is a Hamiltonian
cycle that contains the first edge and avoids the second edge for any two edges of Q3 by
Proposition 2. Furthermore, Q3 has two independent Hamiltonian cycles

C1 = (s, x1, y1, x2, y3, t, y2, x3),
C2 = (s, x3, y3, t, y2, x1, y1, x2)

as on Figure 6 and they are unique up to isomorphism. Notice that the edge y1x2 has the
same direction on both cycles. By some s-preserving automorphism of Q3, the edge y1x2

can move to any yixj edge for i, j = 1, 2, 3. Similarly, y3t can move to y1t or y2t by some
s-preserving automorphism of Q3.

sx1

y1 x2

y3t

x3y2

(2, 6) (1, 1)

(3, 7) (4, 8)

(6, 4) (5, 3)

(7, 5) (8, 2)

Figure 6: Two independent s-starting Hamiltonian cycles C1 = (s, x1, y1, x2, y3, t, y2, x3)
and C2 = (s, x3, y3, t, y2, x1, y1, x2) of Q0

3. Each vertex u of Q0
3 is associated with a tuple

(k1, k2) which says that u is the k1-th vertex in C1 and k2-th vertex in C2.

We distinguish three cases regarding the incidence of e1 and e2 with s.

Subcase 3.1: Both e1, e2 are incident with s. Then, we split Q4 along some direction
d other than the directions of e1, e2. We assume that s ∈ V (Q0

3) and vertices of Q0
3 are

denoted as in Figure 6. Furthermore, we may assume that e1 = sx1 and e2 = sx2. In Q1
3

we find Hamiltonian paths P [sd, xd
1] and R[xd

2, s
d]. Observe that H1 = (s, P, C1 \ {s}) and

H2 = (C2 \ {sx2}, R) are s-starting Hamiltonian cycles of Q4. Furthermore, all except the
9-th vertices of H1, H2 are in distinct subcubes C0

3 , C1
3 and the 9-th vertices of H1, H2 are

xd
2, xd

1, respectively. Hence H1, H2 are independent.

For the purpose of clarity we denote e1 = a1b1 and e2 = a2b2.
Subcase 3.2: Either e1 or e2 is incident with s. We can assume e1 is incident with s. Let
d be the direction of e1. We split Q4 along the direction d and we assume that s ∈ V (Q0

3)
and vertices of Q0

3 are denoted as in Figure 6. The edge e2 can be in Q0
3, Q1

3 or it can be of
direction d. If e2 is in Q0

3, then we can assume e2 = y1x2 (we mean a1 = y1 and b1 = x2)

Figure 6.9: Two independent s-starting Hamiltonian cycles C1 = (s,x1,y1,x2,y3, t,y2,x3) and
C2 = (s,x3,y3, t,y2,x1,y1,x2) of Q0

3. Each vertex u of Q0
3 is associated with a tuple (k1,k2)

which says that u is the k1-th vertex in C1 and k2-th vertex in C2.

We distinguish three cases regarding the incidence of e1 and e2 with s.

Subcase 3.1: Both e1, e2 are incident with s. Then, we split Q4 along some direction d other
than the directions of e1, e2. We assume that s ∈ V (Q0

3) and vertices of Q0
3 are denoted as in

Figure 6.9. Furthermore, we may assume that e1 = sx1 and e2 = sx2. In Q1
3 we find Hamiltonian

paths P[sd,xd
1 ] and R[xd

2 ,s
d]. Observe that H1 = (s,P,C1 \ {s}) and H2 = (C2 \ {sx2},R) are

s-starting Hamiltonian cycles of Q4. Furthermore, all except the 9-th vertices of H1, H2 are in
distinct subcubes C0

3 , C1
3 and the 9-th vertices of H1, H2 are xd

2 , xd
1 , respectively. Hence H1, H2

are independent.

For the purpose of clarity we denote e1 = a1b1 and e2 = a2b2.
Subcase 3.2: Either e1 or e2 is incident with s. We can assume e1 is incident with s. Let d be
the direction of e1. We split Q4 along the direction d and we assume that s∈V (Q0

3) and vertices
of Q0

3 are denoted as in Figure 6.9. The edge e2 can be in Q0
3, Q1

3 or it can be of direction d. If
e2 is in Q0

3, then we can assume e2 = y1x2 (we mean a1 = y1 and b1 = x2) or e2 = y3t (we mean
a2 = y3 and b2 = t). In Q1

3 we take a Hamiltonian cycle H that contains ed
2 . Then, observe that

(P1,H \ {ed
2},P2) and (R1,H \ {ed

2},R2) are independent s-starting Hamiltonian cycles, where
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P1[s,a2], P2[b2,x3] are subpaths of C1 and R1[s,a2], R2[b2,x2] are subpaths of C2. If e2 ∈ E(Q1
3),

we take a Hamiltonian cycle H of Q1
3 that avoids e2 and contains an edge (y1x2)

d or (y3t)d , say it
contains the edge (y3t)d . Then, (P1,H \{(y3t)d},P2) and (R1,H \{(y3t)d},R2) are independent
s-starting Hamiltonian cycles, where P1[s,y3], P2[t,x3] are subpaths of C1 and R1[s,y3], R2[t,x2]
are subpaths of C2. Finally, if e2 is of direction d, then y1x2 or y3t is not incident with e2. Let us
assume y3t is not incident with e2. We take a Hamiltonian cycle H that contains (y3t)d in Q1

3.
Then, (P1,H \ {(y3t)d},P2) and (R1,H \ {(y3t)d},R2) are independent s-starting Hamiltonian
cycles, where P1[s,y3], P2[t,x3] are subpaths of C1, R1[s,y3] and R2[t,x2] are subpaths of C2.

Subcase 3.3: None of e1, e2 is incident with s. Then, we split Q4 along some direction d that
separates the vertex s and the edge e2. We assume that s∈V (Q0

3), so e2 ∈ E(Q1
3) and vertices of

Q0
3 are denoted as in Figure 6.9. We distinguish the following subcases regarding the edge e1.

Subcase 3.3.1: The edge e1 is in Q1
3. If both e1 and e2 are incident with sd , then we may assume

e1 = sdxd
1 and e2 = sdxd

2 . In Q1
3 we find Hamiltonian paths P[sd,xd

1 ] R[xd
2 ,s

d] which avoid e1
and e2 by Proposition 6.2. Then, we can argue as in Subcase 3.1 that H1 = (s,P,C1 \ {s}) and
H2 = (C2 \{sx2},R) are independent s-starting Hamiltonian cycles of Q4.

So, we can assume that e2 is not incident with sd and hence, we can assume that e2 =
yd

1xd
2 or e2 = yd

3td . Let H be a Hamiltonian cycle in Q1
3 that contains e2 and avoids e1. Then,

(P1,H \ {e2},P2) and (R1,H \ {e2},R2) are independent s-starting Hamiltonian cycles in Q4,
where P1[s,ad

2], P2[bd
2,x3] are subpaths of C1 and R1[s,ad

2], R2[bd
2,x2] are subpaths of C2.

Subcase 3.3.2: The edge e1 is in Q0
3. As e1 is not incident with s, we can assume e1 = y1x2

or e1 = y3t. Again, we take a Hamiltonian cycle H in Q1
3 that contains ed

1 . We may assume
H avoids e2 unless ed

1 = e2. Now (P1,H \ {ed
1},P2) and (R1,H \ {ed

1},R2) are independent s-
starting Hamiltonian cycles, where P1[s,a1], P2[b1,x3] are subpaths of C1 and R1[s,a1], R2[b1,x2]
are subpaths of C2.

Subcase 3.3.3: The direction of e1 is d. We assume that e1 = a1ad
1 with a1 ∈ V (Q0

3). Fur-
thermore, we may assume that a1 /∈ {y1,x2}; if otherwise, we relabel the vertices of Q0

3 on
Figure 6.9 by some s-preserving automorphism.

Similarly as above, we take a Hamiltonian cycle H in Q1
3 that contains the edge yd

1xd
2 . By

Proposition 6.2, we may assume H avoids e2 unless e2 = yd
1xd

2 . Now (P1,H \ {yd
1xd

2},P2) and
(R1,H \{yd

1xd
2},R2) are independent s-starting Hamiltonian cycles, where P1[s,y1], P2[x2,x3] are

subpaths of C1 and R1[s,y1], R2[x2,x2] = (x2) are subpaths of C2.

The following theorem improves Theorem 6.6 by one additional Hamiltonian cycle. For
simplicity, let us denote 0 = {0}n and 1 = {1}n in Qn.

Theorem 6.8. Let F ⊆ E(Qn), n≥ 4, f = |F | ≤ n−2, and s ∈V (Qn). Then, Qn−F has n− f
mutually-independent s-starting Hamiltonian cycles.

Proof. If Qn has no faulty edges, i.e. f = 0, then Qn has n mutually independent s-starting
Hamiltonian cycles by Theorem 6.5. So, we assume f ≥ 1.

We proceed by induction on n. For n = 4 the statement holds by Lemma 6.8. Let us
assume that the statement holds for n− 1, and we will prove it for n ≥ 5. By symmetry,
we may assume s = 0 ∈ V (Qn). Furthermore, let DF = {d ∈ [n];∃vvd ∈ F} be the set of
directions of faulty edges in Qn. In the following we need one additional definition. As-
sume that C1,C2, . . . ,Cn− f are mutually-independent vi,1-starting Hamiltonian cycles in Qm
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for n− f ≤ m < n and Ci = (vi,1,vi,2, . . . ,vi,2m). Then, for u = (u1,u2, . . . ,un−m) ∈ V (Qn−m)

let Cu
1 ,C

u
2 , . . . ,C

u
n− f be the Hamiltonian cycles in Q(d1,d2,...,dn−m);u

m , where d1 < · · · < dn−m and
d1, . . . ,dn−m ∈ DF . Let us denote

Su
k = {(vi,k,u) ∈V (Qu

m); i ∈ [n− f ]};

that is, Su
k is the set of k-th vertices of Cu

1 ,C
u
2 , . . . ,C

u
n− f .

Qn Qn Qn

Q0
n−1 Q0

n−1 Q0
n−1Q1

n−1 Q1
n−1 Q1

n−1

s

a) b) c)

C0
i

C0
j

Rj
Tj

Ti

Ri

Ui

Uj

vi,k
vi,k+1

s

C0
i

C0
j

Rj
Tj

Ti

Ri

Ui

Uj s

C0
i
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j

Rj
Tj

Ti

Ri

Ui

Uj

vj,k+1

vj,k vdj,k
vdj,k+1

vdi,k

vdi,k+1
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vi,k+1
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Figure 6.10: The construction of a set of s-starting mutually independent Hamiltonian cycles in
Qn with: a) one faulty edge, b) at least two faulty edges of the same direction d, c) a faulty edge
of direction d and at least one faulty edge in Qd;0

n−1.

First, we consider the case of one faulty edge. See Figure 6.10a for an illustration. We
split Qn along the direction d of the faulty edge into subcubes Q0

n−1,Q
1
n−1. By induction, there

are n−1 mutually-independent s-starting Hamiltonian cycles C0
1 ,C

0
2 , . . . ,C

0
n−1 in Q0

n−1−F . As
2n−1− 2− 2(n− 1) > 0 for n ≥ 5, we can find an integer 1 < k < 2n−1 such that none of the
vertices of S0

k ∪S0
k+1 is incident with the faulty edge.

We map the vertices of S0
k ,S

0
k+1 along the direction d into Q1

n−1 and obtain S1
k ,S

1
k+1; which

are sets of distinct n−1 pairs of adjacent vertices vd
i,k, vd

i,k+1 in Q1
n−1. In Q1

n−1 there are no faulty
edges, so by Theorem 6.7, in Q1

n−1−F there are n−1 mutually-independent Hamiltonian paths

U1[vd
1,k,v

d
1,k+1],U2[vd

2,k,v
d
2,k+1], . . . ,Un−1[vd

n−1,k,v
d
n−1,k+1].

Then, for every i ∈ [n− f ],
Ci = (Ti,Ui,Ri)

is an s-starting Hamiltonian cycle in Qn where Ti[s,vi,k],Ri[vi,k+1,vi,2n−1] are subpaths of the
cycle C0

i . Moreover, the cycles C1,C2, . . . ,Cn−1 are mutually independent.
Next, if there are two or more faulty edges (i.e. f ≥ 2), we distinguish three cases.

Case 1: F is not rigid. Then, there exists a direction d ∈ DF containing at least two faulty
edges. We split Qn along the direction d into Q0

n−1, Q1
n−1. Let f2 be the number of faulty

edges of direction d, and let f0, f1 be the number of faulty edges in Q0
n−1, Q1

n−1, respectively;
so f0 + f1 + f2 = f . By induction, we can find n− 1− f0 mutually-independent Hamiltonian
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cycles C0
1 ,C

0
2 , . . . ,C

0
n−1− f0 in Q0

n−1−F . We take the first n− f cycles C0
1 ,C

0
2 , . . . ,C

0
n− f . We

choose k such that 1 < k < 2n−1 and none of the vertices of S0
k ,S

0
k+1 is incident with any faulty

edge of direction d. Such k exists as 2n−1−2−2 f2(n− f )> 0 for all n≥ 5.
We map the vertices of S0

k ,S
0
k+1 along the direction d into Q1

n−1 and we obtain S1
k ,S

1
k+1;

which are sets of n− f pairs of adjacent vertices vd
i,k, vd

i,k+1 in Q1
n−1. Since n− f ≤ n−2− f1,

there exist n− f mutually-independent Hamiltonian paths

U1[vd
1,k,v

d
1,k+1],U2[vd

2,k,v
d
2,k+1], . . . ,Un− f [vd

n− f ,k,v
d
n− f ,k+1]

of Q1
n−1−F by Lemma 6.6. Then, for every i ∈ [n− f ],

Ci = (Ti,Ui,Ri)

is an s-starting Hamiltonian cycle in Qn−F where Ti[s,vi,k],Ri[vi,k+1,vi,2n−1] are the subpaths of
the cycle C0

i . Moreover, the cycles C1,C2, . . . ,Cn− f are mutually independent. See Figure 6.10b
for an illustration.

Case 2: F is rigid and there exists a direction d ∈ DF such that the subcube Qd;0
n−1 contains

at least one faulty edge. We split Qn along the direction d into Q0
n−1, Q1

n−1. Let f0, f1 be the
number of faulty edges in Q0

n−1, Q1
n−1, respectively; so 0 < f0 < f and f0 + f1 + 1 = f . We

proceed similarly as in Case 1. By induction, there are n−1− f0 mutually-independent Hamil-
tonian cycles C0

1 ,C
0
2 , . . . ,C

0
n−1− f0 in Q0

n−1−F . We take the first n− f cycles C0
1 ,C

0
2 , . . . ,C

0
n− f

and choose k such that 1 < k < 2n−1 and none of the vertices of S0
k ∪ S0

k+1 is incident with the
faulty edge of direction d. We always find such k as 2n−1−2−2(n− f )> 0 for n≥ 5.

We map the vertices of S0
k ,S

0
k+1 along the direction d into Q1

n−1 and we obtain S1
k ,S

1
k+1;

which are sets of n− f pairs of adjacent vertices vd
i,k, vd

i,k+1 in Q1
n−1. Since n− f ≤ n−2− f1,

we can find n− f mutually-independent Hamiltonian paths

U1[vd
1,k,v

d
1,k+1],U2[vd

2,k,v
d
2,k+1], . . . ,Un− f [vd

n− f ,k,v
d
n− f ,k+1]

of Q1
n−1−F by Lemma 6.6. Then, for every i ∈ [n− f ],

Ci = (Ti,Ui,Ri),

is an s-starting Hamiltonian cycle in Qn−F where Ti[s,vi,k], Ri[vi,k+1,vi,2n−1] are subpaths of
the cycle C0

i . Moreover, the cycles C1,C2, . . . ,Cn− f are mutually independent. See Figure 6.10c
for an illustration.

Case 3: F is rigid and for every d ∈DF , the subcube Qd;0
n−1 has no faulty edge. We can consider

Qn as a Cartesian product Qn = Qn− f+1 �Q f−1 such that the coordinates of Q f−1 are obtained
by projection of the coordinates of Qn on DF \ {z} for some z ∈ DF . Let ez denote the faulty
edge of direction z. Let us define ZF = (d1,d2, . . . ,d f−1) for d1, . . . ,d f−1 ∈ DF \{z} and d1 <
· · · < d f−1. For the purpose of clarity let us denote r = 2 f−1 and q = 2n− f+1. Furthermore,
let H = (u1,u2, . . . ,ur) be an arbitrary Hamiltonian cycle of Q f−1 such that u1 = 0. Let t j

denote the direction of the edge u ju j+1. Recall that QZF ;u j
n− f+1 are subcubes of Qn for every

j ∈ [r] and s ∈ V (Q0
n− f+1). Since there exists no direction d ∈ DF such that Qd;0

n−1 has a faulty
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edge, one faulty edge is in Q1
n− f+1 and all the others are incident with precisely one vertex

from Q1
n− f+1. By Theorem 6.5, we can find n− f mutually-independent s-starting Hamiltonian

cycles C0
1 ,C

0
2 , . . . ,C

0
n− f in Q0

n− f+1. Let C0
i = (vi,1,vi,2, . . . ,vi,q).

Regarding the number of faulty edges, we distinguish two cases.

Subcase 3.1: f ≥ 3. See Figure 6.11 for an illustration of case, when f = 3. Since f ≥ 3, the
vertex u2 is never antipodal to the vertex u1 = 0 in Q f−1, i.e. u2 6= 1. Hence Qu2

n− f+1 has no
faulty edge and there is no faulty edge of direction t1 incident with a vertex from Qu1

n− f+1. 17

Q0

n−2 Qu2

n−2
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n−2

s
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T3
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R
j
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j
1
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Figure 8: The construction of n − 3 mutually independent Hamiltonian cycles in Qn for
n ≥ 5, when the faulty edges are rigid and for every direction, d ∈ DF , the subcube Qd;0

n−1

has no faulty edge (The example of Subcase 3.1).

Subcase 3.2: f = 2. We further distinguish this case regarding the dimension of the
hypercube Qn.

Subcase 3.2.1: n ≥ 6. Let d1, d2 be the directions of faulty edges e1, e2, respectively
and let us denote q = 2n−2. We split Qn along d1 and d2 into Q

(d1,d2);00
n−2 , Q

(d1,d2);10
n−2 ,

Q
(d1,d2);11
n−2 , Q

(d1,d2);01
n−2 . We find n − 2 mutually independent s-starting Hamiltonian cycles

C00
i = (ui,1, ui,2, . . . , ui,q) in Q00

n−2 by Theorem 3. See Figure 9 for an illustration. We
choose k such that 1 < k < q and map the vertices of S00

k , S00
k+1 along d2 into Q01

n−2. We

obtain S01
k , S01

k+1; which are sets of n − 2 pairs of adjacent vertices ud2
i,k, ud2

i,k+1 in Q01
n−2. We

can find n − 2 mutually independent Hamiltonian paths

P1[u
d2
1,k, u

d2
1,k+1], . . . , Pn−2[u

d2
n−2,k, u

d2
n−2,k+1]

of Q01
n−2 by Theorem 5. Then, C01

i = Pi ∪ {ud2
i,ku

d2
i,k+1} is a Hamiltonian cycle of Q01

n−2 for
every i ∈ [n − 2]. Let us denote C01

i = (vi,1, vi,2, . . . , vi,q). We choose l such that 1 ≤ l < q
and none of the vertices S01

l ∪ S01
l+1 is incident with the faulty edge e1. We can always find

such l as 2n−2 − 1 − 2(n − 2) > 0 for n ≥ 6. We map the vertices of S01
l , S01

l+1 along d1 into

Q11
n−2 and obtain S11

l , S11
l+1; which are sets of n − 2 pairs of adjacent vertices vd1

i,l , vd1
i,l+1 in

Q11
n−2. We can find n − 2 mutually independent Hamiltonian paths

R1[v
d1
1,l, v

d1
1,l+1], . . . , Rn−2[v

d1
n−2,l, v

d1
n−2,l+1]

Figure 6.11: The construction of n− 3 mutually-independent Hamiltonian cycles in Qn for
n≥ 5, when the faulty edges are rigid and for every direction, d ∈DF , the subcube Qd;0

n−1 has no
faulty edge (The example of Subcase 3.1).

We choose k such that 1 < k < q and map the vertices S0
k , S0

k+1 along the direction t1 into
Qu2

n− f+1. We obtain vertices Su2
k , Su2

k+1 which are sets of n− f distinct pairs of adjacent vertices
vt1

i,k, vt1
i,k+1 in Qu2

n− f+1. The subcube Qu2
n− f+1 is of dimension n− f + 1 and has a set of n− f

edges N = {vt1
i,kvt1

i,k+1; i∈ [n− f ]}. We extend N into the perfect matching M of Qu2
n− f+1 and find

a Hamiltonian cycle G2 = (w1,w2, . . . ,wq) containing the edges of M by Theorem 6.3. Note that
the edges of N have the same parity on G2 as they are included in the perfect matching M.

Now, we choose an edge a2b2 on G2 such that a2b2 is not incident with the faulty edge of
direction t2 (if such faulty edge exists) and distinct from N. Note that we can always choose
such a2b2 as n− f + 2 < 2n for f ≥ 3 and n ≥ 5. Let us assume that a2b2 and vt1

i,kvt1
i,k+1 have

different parity on G2. We map a2 and b2 along the direction t2 into Qu3
n− f+1. By Proposition 6.2

we find a Hamiltonian path G3[a
t2
2 ,b

t2
2 ] in Qu3

n− f+1 which avoids ez (if ez ∈ E(Qu3
n− f+1)). We
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proceed similarly for every j = 3,4, . . . ,r. We choose consecutive vertices a j, b j on G j such
that a j, b j, a

t j−1
j−1, b

t j−1
j−1 are distinct. We map a j and b j along the direction t j into Q

u j+1
n− f+1 and

by Proposition 6.2 we find a Hamiltonian path G j+1[a
t j−1
j−1,b

t j−1
j−1] in Q

u j+1
n− f+1 that avoids ez (if

ez ∈ E(Q
u j+1
n− f+1)). Then, for all i ∈ [n− f ]

Ci = (Ri
1,R

i
2,R3, . . . ,Rr−1,S,Tr−1, . . . ,T3,T i

2,T
i

1)

are mutually-independent Hamiltonian cycles, where Ri
1[s,vi,k], T i

1[vi,k+1,vi,q] are subpaths of
C0

i , Ri
2[v

t1
i,k,a2], T i

2[b2,v
t1
i,k+1] are subpaths of G2, S[atr−1

r−1,b
tr−1
r−1] is a subpath of Gr and R j[a

t j−1
j−1,a j],

Tj[b j,b
t j−1
j−1] are subpaths of G j for every j = 3,4, . . . ,r−1.

Subcase 3.2: f = 2. We further distinguish this case regarding the dimension of the hypercube
Qn.

Subcase 3.2.1: n≥ 6. Let d1, d2 be the directions of faulty edges e1, e2, respectively and let us18 September 23, 2012

Q00
n−2 Q01

n−2

Q10
n−2

s

ui,k+1

ui,k
ud2i,k+1

ud2i,k

uj,k

C00
j

C00
i

vi,q

Q11
n−2

uj,k+1

vi,l+1

vi,l

vd2i,l+1

vd1i,l

wi,t+1

wi,t

wd2
i,t+1

wd2
i,t
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Pi,1

Pi,2

Ri,1

Ri,2

Vi

Ti

Ui

ud2j,k+1

ud2j,k

vj,l+1
vj,l

vd1j,l+1

vd1j,l

wj,t+1

wj,t

wd2
j,t+1

wd2
j,t

Vj
Rj,2

Rj,1

Pj,2

Pj,1
Tj

Uj

Figure 9: The construction of n − 2 mutually independent Hamiltonian cycles in Qn for
n ≥ 6, when the faulty edges f1, f2 are rigid and for every direction, d ∈ {d1, d2}, the
subcube Qd;0

n−1 has no faulty edge.

of Q11
n−2 by Theorem 5. Then, C11

i = Ri ∪ {vd1
i,l v

d1
i,l+1} is a Hamiltonian cycle of Q11

n−2 for
every i ∈ [n−2]. Let us denote C11

i = (wi,1, wi,2, . . . , wi,q). We choose t such that 1 ≤ t < q
and and none of the vertices S11

t ∪ S11
t+1 is incident with the faulty edge e2. We can always

find such t as 2n−2 − 1 − 2(n − 2) > 0 for n ≥ 6. We map the vertices of S11
t , S11

t+1 along

d2 into Q10
n−2 and obtain S10

t , S10
t+1; which are sets of n − 2 pairs of adjacent vertices wd2

i,t ,

wd2
i,t+1 in Q10

n−2. We can find n − 2 mutually independent Hamiltonian paths

V1[w
d2
1,t, w

d2
1,t+1], . . . , Vn−2[w

d2
n−2,t, w

d2
n−2,t+1]

of Q10
n−2 by Theorem 5. Then, for every i ∈ [n − 2],

Ci = (Ti, Pi,1, Ri,1, Vi, Ri,2, Pi,2, Ui)

is an s-starting Hamiltonian cycle in Qn − {e1, e2} where Ti[s, ui,k], Ui[ui,k+1, ui,q] are sub-
paths of C00

i , Pi,1[vi,1, vi,l], Pi,2[vi,l+1, vi,q] are subpaths of Pi and Ri,1[wi,1, wi,t], Ri,2[wi,t+1, wi,q]
are subpaths of Ri. Moreover, the cycles C1, C2, . . . , Cn−2 are mutually independent.

Subcase 3.2.2: n = 5. Let us denote F = {e1, e2}. We split Q5 along the direction d of
the faulty edge e1. Then, Q0

4 contains the vertex s and Q1
4 contains e2. In Q0

4 we choose
three mutually independent s-starting Hamiltonian cycles C1, C2, C3 defined by (1), see
Figure 5. From independent directed edges v4v8, v15v16, v12v10 of C1, C2, C3, we choose the

Figure 6.12: The construction of n− 2 mutually-independent Hamiltonian cycles in Qn for
n ≥ 6, when the faulty edges f1, f2 are rigid and for every direction, d ∈ {d1,d2}, the subcube
Qd;0

n−1 has no faulty edge.

denote q = 2n−2. We split Qn along d1 and d2 into Q(d1,d2);00
n−2 , Q(d1,d2);10

n−2 , Q(d1,d2);11
n−2 , Q(d1,d2);01

n−2 .
We find n− 2 mutually-independent s-starting Hamiltonian cycles C00

i = (ui,1,ui,2, . . . ,ui,q) in
Q00

n−2 by Theorem 6.5. See Figure 6.12 for an illustration. We choose k such that 1 < k < q
and map the vertices of S00

k , S00
k+1 along d2 into Q01

n−2. We obtain S01
k , S01

k+1; which are sets of
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n− 2 pairs of adjacent vertices ud2
i,k, ud2

i,k+1 in Q01
n−2. We can find n− 2 mutually independent

Hamiltonian paths
P1[u

d2
1,k,u

d2
1,k+1], . . . ,Pn−2[u

d2
n−2,k,u

d2
n−2,k+1]

of Q01
n−2 by Theorem 6.7. Then, C01

i = Pi∪{ud2
i,kud2

i,k+1} is a Hamiltonian cycle of Q01
n−2 for every

i ∈ [n− 2]. Let us denote C01
i = (vi,1,vi,2, . . . ,vi,q). We choose l such that 1 ≤ l < q and none

of the vertices S01
l ∪ S01

l+1 is incident with the faulty edge e1. We can always find such l as
2n−2− 1− 2(n− 2) > 0 for n ≥ 6. We map the vertices of S01

l , S01
l+1 along d1 into Q11

n−2 and
obtain S11

l , S11
l+1; which are sets of n− 2 pairs of adjacent vertices vd1

i,l , vd1
i,l+1 in Q11

n−2. We can
find n−2 mutually independent Hamiltonian paths

R1[v
d1
1,l,v

d1
1,l+1], . . . ,Rn−2[v

d1
n−2,l,v

d1
n−2,l+1]

of Q11
n−2 by Theorem 6.7. Then, C11

i = Ri∪{vd1
i,l v

d1
i,l+1} is a Hamiltonian cycle of Q11

n−2 for every
i ∈ [n− 2]. Let us denote C11

i = (wi,1,wi,2, . . . ,wi,q). We choose t such that 1 ≤ t < q and and
none of the vertices S11

t ∪ S11
t+1 is incident with the faulty edge e2. We can always find such t

as 2n−2−1−2(n−2)> 0 for n≥ 6. We map the vertices of S11
t , S11

t+1 along d2 into Q10
n−2 and

obtain S10
t , S10

t+1; which are sets of n−2 pairs of adjacent vertices wd2
i,t , wd2

i,t+1 in Q10
n−2. We can

find n−2 mutually-independent Hamiltonian paths

V1[w
d2
1,t ,w

d2
1,t+1], . . . ,Vn−2[w

d2
n−2,t ,w

d2
n−2,t+1]

of Q10
n−2 by Theorem 6.7. Then, for every i ∈ [n−2],

Ci = (Ti,Pi,1,Ri,1,Vi,Ri,2,Pi,2,Ui)

is an s-starting Hamiltonian cycle in Qn−{e1,e2} where Ti[s,ui,k], Ui[ui,k+1,ui,q] are subpaths
of C00

i , Pi,1[vi,1,vi,l], Pi,2[vi,l+1,vi,q] are subpaths of Pi and Ri,1[wi,1,wi,t ], Ri,2[wi,t+1,wi,q] are
subpaths of Ri. Moreover, the cycles C1,C2, . . . ,Cn−2 are mutually independent.

Subcase 3.2.2: n = 5. Let us denote F = {e1,e2}. We split Q5 along the direction d of the
faulty edge e1. Then, Q0

4 contains the vertex s and Q1
4 contains e2. In Q0

4 we choose three
mutually-independent s-starting Hamiltonian cycles C1,C2,C3 defined by (6.1), see Figure 6.8.
From independent directed edges v4v8,v15v16,v12v10 of C1,C2,C3, we choose the edge e = ab
such that e is not incident with e1. In Q1

4 we find a hamiltonian path P[ad,bd] which avoids e2.
We obtain three mutually independent s-starting fault-free Hamiltonian cycles

C1 = (R1,P,P1),
C2 = (R2,P,P2),
C3 = (R3,P,P3),

where R1[s,a], P1[b,v2] are subpaths of C1, R2[s,a], P2[b,v3] are subpaths of C2 and R3[s,a],
P3[b,v5] are subpaths of C3.
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Summary
In this chapter we study the problem of mutually-independent Hamiltonian paths and s-
starting Hamiltonian cycles of n-dimensional hypercube Qn. We prove that there are k ≤ 2n−1

mutually-independent Hamiltonian paths P1[w1,b1],P2[w2,b2], . . . ,Pk[wk,bk] for a matching
M = {w1b1,w2b2, . . . ,wkbk} ⊆ E(Qn) and n ≥ 2 if M is extendable to a perfect matching.
We prove that there are n mutually-independent Hamiltonian paths Pi[wi,bi] for any matching
M = {w1b1,w2b2, . . . ,wnbn} ⊆ E(Qn) in Qn and n≥ 2 which improves previously known result
by one additional Hamiltonian path. We also prove that there are n− f mutually independent
s-starting Hamiltonian cycles in Qn−F , where n ≥ 4, F is a set of f ≤ n− 2 arbitrary faulty
edges, and s is an arbitrary vertex. This improves previously known result by one additional s-
starting Hamiltonian cycle. Moreover, it is an optimal result as faulty edges may be all incident
with the vertex s.
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7 Conclusions and scientific contributions

In the thesis we studied large graphs involved in three scientific areas: chemistry, sociological
science, and computer science.

We first concentrated on graph indices. We dedicated our attention to the Wiener index and
two new centrality indices. The Wiener index is used for designing molecules with desired
properties. We considered the relation between the Wiener index of a graph G and its line graph
L(G). We showed that if G is of minimum degree of at least two, then W (G) ≤W (L(G)). We
proved that for every non-negative integer g0, there exists g > g0, such that there are an infinite
number of graphs G of girth g, satisfying W (G) =W (L(G)). This equation partially answered
a problem stated by Dobrynin and Mel’nikov: Does there exist a graph with the girth g having
the property W (G) =W (L(G)) for every g≥ 5?

Furthermore, we introduced degree-scaled betweenness centrality and degree-weighted be-
tweenness centrality. The first index measures the workload of a vertex based on the workload
of edges incident with it The motivation for the second index is found in the idea that monitor-
ing of an edge is not done by both end-vertices simultaneously all the time and that work on
each vertex can be allocated based only on the local information. The goal of this study was
to determine the extremal values of new measures, as well as the graph structures where the
extremal values are attained. Several real-world networks were used to evaluate the introduced
measures. The obtained results were used for statistical comparison with standard measures of
centrality to justify their introduction.

Next, we introduced a social network model, called the interaction-based (IB) model, that
involves well-known sociological principles. Heider’s theory states that two persons equiva-
lently perceive their relation as friendly or unfriendly, while triadic relations are balanced or
imbalanced, depending on the number of friendly and unfriendly dyadic relations inside them.
Each relation between two persons is built by everyday interactions between them, either posi-
tive or negative. The model is also inspired by the social behavior of animal species, particularly
the social behavior of ants in their colony. The ants put pheromone on the path while walking
from the food source to the nest. Because the pheromone are evaporable, they slowly disappear.
Similarly, ties between people become weaker if no interactions exist between them.

Model evaluation showed that the IB model turned out to be sparse. The model has a small
diameter and an average path length that grows proportionally to the logarithm of the number
of vertices. The clustering coefficient is rather high, and its value stabilizes in larger networks.
The degree distributions are slightly right-skewed. In the mature phase of the IB model that is,
when the number of edges does not change significantly most of the network properties do not
change significantly either.

We also presented some model properties compared to properties of the Barabási-Albert
model, the Erdös-Rényi model and, the real e-mail URV network. The IB model was found to
be the best of all compared models in simulating the e-mail URV network because its properties
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more closely matched the e-mail URV network properties than other models.
Finally, we studied the problem of mutually-independent Hamiltonian paths and s-starting

Hamiltonian cycles of n-dimensional hypercube Qn. This study was motivated by the problem
of transferring different pieces of a given message from one vertex to all recipients simulta-
neously such that they never meet in the same vertex. We proved that there are k ≤ 2n−1

mutually-independent Hamiltonian paths P1[w1,b1],P2[w2,b2], . . . ,Pk[wk,bk] for a matching
M = {w1b1,w2b2, . . . ,wkbk} ⊆ E(Qn) and n ≥ 2 if M is extendable to a perfect matching.
We proved that there are n mutually-independent Hamiltonian paths Pi[wi,bi] for any match-
ing M = {w1b1,w2b2, . . . ,wnbn} ⊆ E(Qn) in Qn and n ≥ 2, which improves previously known
result by one additional Hamiltonian path. We also proved that there are n− f mutually inde-
pendent s-starting Hamiltonian cycles in Qn−F , where n≥ 4, F is a set of f ≤ n−2 arbitrary
faulty edges, and s is an arbitrary vertex. This new finding improved previously known results
by one additional s-starting Hamiltonian cycle. Moreover, this result is optimal because faulty
edges may all be incident with the vertex s.

The work presented in this thesis comprises of the following scientific contributions:

• A proof that for infinitely many girths g, there exist infinite number of graphs G of girth
g with the property W (G) =W (L(G)).

• Analysis of degree-scaled and degree-weighted betweenness centralities.

• Introduction of new social network model, called interaction-based model and evaluation
of it.

• Improved and optimal result on the number of mutually independent Hamiltonian cycles
in faulty hypercubes.

Additionally, we would like to present several possible directions for future work:
First of all, the future work includes approval of the conjectures stated in the thesis.
The first one considers the equality of the Wiener index of a graph and its line graph and

is stated as: For every integer g ≥ 3, there exist infinitely many graphs G of girth g satisfying
W (G) =W (L(G)).

Then, it follows a challenge to approve conjecture on the lower bound of minimum degree-
weighted betweenness centrality C∗: Let G be a connected graph on n vertices. Then minimum
C∗min(G) ∈Ω(

√
n) and the graph from the class Rn,a is the extremal one.

In the future, we plan to analyze another IB model properties and tune its parameters to
different real-world networks. Additionally, we can use IB model to study the social network
behaviour in unexpected situations such us sudden increase of negative interactions inside the
network and their consequences on the future network topology. The analogy of sudden increase
of negative interactions can be found in riots.

Finally, we want to extend our work related to hypercubes on the study of the level-
independent trees in hypercubes. The motivation can be found in broadcasting where the dif-
ferent messages must be transferred from one vertex to all recipients simultaneously as fast as
possible such that they never meet in the same vertex. Two trees T1 and T2 are level-independent
in a graph G if for every v ∈V (G)\{r}, the distances from v to the root vertex r of the trees T1
and T2 differ.
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• Korošec, P.; Papa, G.; Vukašinović, V. Production scheduling with a memetic

algorithm. International Journal of Innovative Computing and Applications
2, 244–252 (2010).



98 APPENDIX: BIBLIOGRAPHY

Conference papers
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